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ABSTRACT KEYWORDS

The main goal of this article is to present the notion of double asymp- ~ Asymptotically Statistical
totically lacunary statistical equivalent of order o for sequences of ~ Equivalent; Double Lacunary
fuzzy numbers by considering fuzzy numbers and Pringsheim limit. ~ Sequences; Statistical Limit

To accomplish this goal, we mainly investigate some fundamental ~Peintsi Fuzzy Numbers

properties of the newly introduced notion. Additionally, it should be 2000 MATHEMATICS

note that some interesting inclusion theorems are examined and also SUBJECT

new variations are presented. CLASSIFICATIONS
Primary 40A99; Secondary
40A05

1. Introduction

Fridy [1] put forward the idea of statistical convergence, which is a significant part of the
Summability Theory. In 1980, Pobyvancts [2] presented the idea of asymptotically regular
matrices. In 2003, Patterson [3] introduced the notions of asymptotically statistically equiva-
lent sequences by combining the notion of asymptotically equivalent introduced by Marouf
[4] and statistical convergence.

On the other hand, the notion of convergence for double sequences was presented by
Pringsheim in [5].

Definition 1.1: A double sequence y = (y,s) has Pringsheim limit @ € R (symbolized by
P— lim y.c = @) if given ¢ > 0 there exists M € N such that |y,s — @| < &, whenever
r,s— o0

r,s > M. We shall show such an y shortly as ‘P—convergent'.

Recently, Mursaleen and Edely [6] extended Pringsheim'’s definition of statistical con-
vergence for double sequences, and Patterson [7] also defined double asymptotically
equivalent as follows:

Definition 1.2: Two nonnegative double sequences (y;s) and (z,5) are said to be asymp-
totically equivalent provided that

. Yrs
P — Ilmy—
ns Zps

=1

2
If this condition is met, it is symbolised by y o3
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Later on the following definition was given by Savas and Patterson [8].

Definition 1.3: The double sequence ®¢ , = {(rz,s,)} is named double lacunary provided
that there exist two increasing of integers in such a way thatrg =0, ys =rz —rz—1 — o0
whenever § — oo and so =0, ¥,, = sy —sy—1 — 00 as n — 00. AlsO, g, = rgSy, Ve =
VeV Pé,p is determined by

Jeg={(r,s) irey <r <re&sy_1 <s <s,},
I; - S -
Se = 7oy 6 = 550 and Ly = Le,

Also, in Ref. [9,10], a different direction was presented to the concept of statistical con-
vergence for double sequences in which the notion of statistical convergence of order «,
0 < a < 1 was introduced by shifting (mn) by (mn)® in the denominator in the definition
of statistical convergence. Please note that the notion of metric space can define as an arbi-
trary fuzzy set that a distance between all elements of the set are described. It is possible to
define many different metrics on the space of fuzzy numbers; nonetheless, the most pref-
erential metric among these metrics is the Hausdorff distance for fuzzy numbers depended
on the classical Hausdorff distance between compact convex subsets of RP.

Recently, fuzzy numbers were studied and generalised more general concepts via statis-
tical convergence in Refs. [11-16].

We now consider C(RP) = {K C RP : K compact and convex}. The spaces C(RP) has a
linear structure induced by the operations

K+ H = {k+h,ke K,h € H}
and
sA={sa,s € E}
for K,H € C(RP) and ¢ € R. The Hausdorff distance between K and H of C(RP) is defined as

800 (K, H) = max{ sup inf ||[k—hll, sup inf ||k—hl| }
keE heH kek heH

It is obvious that (C(RP), 8x) is @ complete (not separable) metric space. A fuzzy number is
afunction Y from RP to [0, 1] satisfying

(1) Yisnormal, in other words, there exists an 7o € RP such that Y(zg) = 1;
(2) Yisfuzzy convex, in other words, forany t,v € RPand0 < ¢ < 1,

Y(ct+ (1 —9)v) =min{Y(),Y(v)};

(3) Yisupper semi-continuous;
(4) The closure of {ue RP : Y(t) > 0}; denoted by Y?, is compact.

These features imply that foreach 0 < 8 < 1, the B—level set
YP={reRP:Y (1) > B}

is a nonempty compact convex, subset of R?, as is the support YO. Let L(RP) denote the
set of all fuzzy numbers. The linear structure of L(RP) shows addition Y +Z and scalar
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multiplication ¢Y, ¢ € R, in the sense of S—level sets, by
y+21f = v +121°

and
V1P =P

foreach0< g8 <1.
Define foreach1 < g < o0

: 1
dq (Y, 2) = {/ 5o (YP,2P)° dﬂ}q
0
and doo = SUPo<p<1 8o (Y#,2P). Clearly doo (Y, Z) = limg_.o0 dq(Y,2) with dg < d, if g < r.
Moreover, dg is a complete, separable and locally compact metric space [11].

During the paper, d will denote d9 with 1 < g < c0. Also, a metric d on L(R) is said to be
a translation invariantif d(Y + W,Z + W) = d(Y,2) forY,Z, W € L(R).

Provided that d is a translation invariant metric on L(R), then it is clear to see that d(Y +
Z,0) < d(Y,0) +d(Z,0).

2. Main Results

In this section, we will present new concepts and examine the relationship among these
concepts.

Definition 2.1: Let ¢, = {(rz,s,)} be a double lacunary sequence; and p = (py,) be a
sequence of positive real numbers; two sequences Y and Z of fuzzy numbers are double
strongly asymptotically equivalent of order & to multiple @, where 0 < @ < 1 provided
that

P— lm — Y d LOT Y
z' ") =

o
En—o00 VEJI W)l uyv

Nm”(p)
(denoted by Y “~  Z), and simply double lacunary strongly asymptotically equivalent of
NP @ (p)
ordera if o = 1.If we take p,,, = p forall uand v, then we write Y R Zinsteadof Y~
Z.

Definition 2.2: Let p = (p,,) be a sequence of positive real numbers, and we consider
two sequences Y and Z of fuzzy numbers. The two sequences Y and Z are called as double
strongly Cesdro summable of order « to @, where 0 < o < 1 provided that

1 m.n Y, Puyv
P —lim Y d|(Hw =0
mn (mn)® Zyy

uv=1,1

(denoted by Y g Z) and in simple terms double strongly Cesaro asymptotically equiva-

lentofordera if o = 1.
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Definition 2.3: Let ®¢, = {(r:,5,)} be a double lacunary sequence; the two nonnegative

sequences Y and Z are called as double asymptotically lacunary statistical equivalent of
order a to @, where 0 < o < 1ifforeverye > 0,

Y
{(u,v) €Jey:d (ﬂw> > e}
Zu,v

s
(denoted by Y X Z)and simply asymptotically lacunary statistical equivalent, if o = 1.

. 1
P— lim — =0

§m—o00 yf,n

o

Let us prove the following theorems.

Theorem 2.1: Let ¢, be a double lacunary sequence. Then

“’p
(1) Ify Ne ZthenY 2 z

2 (p* S‘Dm ng
(2) IfY,Zel{,(F")andY ~ ZthenY ~ Z.

o
“p

N
Proof: (1)Ife > 0andY 2 Zthen

1 Z d Yu,v Puy - 1 Z d Yu,v Puyv
o Z I ZD— — o Zu,v I w

14 uyv 14
EM (uv)el,, &m (U,V)GJE,n&d(%_w)ZE

{(u,v) €Jeg: d(;uv,w> > e} .

o o

S S
Therefore, Y 2z (2) Suppose that Y and Z arein ICZ,O (F)andY 2 Z, then we can presume
that d( Y’” ,@w) < Mforuandv.Lete > 0be given and N, be such that

) Yuv 2% €
R {(U,V)E.lgl,].d<zTy,w>Z<§) SW

Yen
forall&,n > N¢ and let

Y, el
Lyy = {(u,v) € Jey :d(%,w) > (5),,}'

Now for all £, n > N we are granted

La Z d(&_w>ﬁ7uv Z d<YUV )Pu,v
M

1
e —
Yen

v

7/5 M (uyv)elg uv y‘f N uvelyy
Yuv Puyv
+— d

J/g Z (Zuv )

M uvelyy
Oy e
= o Mo°
Yen 2mp Yen 2

o
“p

N
Hence, we obtain Y 2z [ |
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g
od
Theorem 2.2: Let ®¢ , be a double lacunary sequence and sup,, pyy = H then Y ~ Z
sz°
. . 3
impliesY ~ Z.
Y

Proof: LetY < Zande > 0 be given. Then

1 ' Puy 1 Yuv Puv
= 2 dlzom) = > \z @
Yen (uv)eJ id Yen Y, uv
) Em (u,v)ejgyn&d(z“—"’,w)ze

uyv

1 d Yu,v Puyv
+— Z Z: w

Y,
X (uy) ng,n&d<?u’—':,w> <€

1 d Yu,v Puyv
a Z ZT,V’ 24

5 (u,v)ejg,,,&d(g—::,w>>e

La Z (€)Puv

S (u,v) GJE,n&d(%'w) >e

v

1 . :
> — E min{(e)"Puv, (e)M
yfﬂ? Yuyv
(u,v)ejg,n&d( T ,w) >e

Y,
{(u,v) €ley: d< u’v,w> > e}
Zu,v

5o
Hence,Y ~ Z |

- o

Yen

min { (e)fPuy, (e)H}.

Theorem 2.3: Let Y and Z be bounded and 0 < h = infy, pyy < sup,, puy = H < oc. Then

o
oid “p

S
Y R Zimpliesy % Z.

Proof: Suppose that Y and Z be bounded and ¢ > 0. Since Y and Z are bounded, there is
an integer K such that d(%, @) < K forall uand v; then

puyv Pu,yv
1 Yuv 1 ' Yuv Puy
LY d(e) = Y (e

o
Y, uv Y,
s B et aai )

1 Puyv Y Puy
+ - d av , 0
Sofn ZY (Z“'V
(u,v)ejg,,,&d(ﬁ,w> <e

1 ~p o~
< — Z max{K", K}
Ven

)l 8 ( J24 ) ze
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1
+ o E max{e}p“'v
Y " Yuv
)l p&d( 724 o) <e

Y
{(u V) €Jgy d(ﬂ,w> > e}
ZU,V

1
< max{K", K"} —
y&ﬂi

+ max{eh,eH}.

o
“p

Hence, Y 2z |

Theorem 2.4: Let d¢,, be a double lacunary sequence with liminf ¢; > 1andliminf, ¢, >
a5

N(D
1, theny ’ N ZlmpllesY ~ Z

Proof: Supposeliminf; ¢ > Tandliminf, 2,7 > 1;thenthereisaé > Osuchthat¢: > 1+

(Sandg“,7 > 1+ 4. This applies ; yg > % and f—: > 1+a Then for Y (p)Z

1 Yu,v Puy
Acn=— > d > @

§1 (€m)edsy i

-y ya(pa)

yf'?r1s1

——E Z (Yuv )pu,v

J/’cfflr 1 s=s,-1+1

r; Sn—1 v
rg—15n—1)a inzd<Yuv w)p
7y rg 15— 1 r=1 s=1 Zuy
1 i (s1-1) = <Yuv )
ya o 7 !
& r=rg_1+1 n uv
s re—
o o o !
Vs s=sy—1+1 Ve (I’g_1) r=1 Zuy
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o
“p

N
SinceY % Zthe last two terms tends to zero in the Pringsheim sense, thus

(I’g S’] LI ( Yuv )p“'v
As, = d
i 229z,

Vé,n rfs’i r=1 s=1

o Tg—15p—1 Puv
B (r§—150,l7—1) sz<yuv w) 4o,

Yen (rs—15p-1) =1 s=1

Since yg!, = (resy)® — (re—15y—1)* we are granted the following:

o
(resn) 148 and (re—159-1)" -1
o —_ o —_
Yen g Yen 8
The terms
zzd(“v )
I‘gSn =1 s—1 Zuv
and

rg1s,71d Yuv Puy
222w

(”515”1 r=1 s=1

are both Pringsheim null sequences. Hence, Ag , is a Pringsheim null sequence. Conse-
wO(
D

N<I>
quently, Y ~ Z. |

Theorem 2.5: Let ®:, be a double lacunary sequence with limsup; (s < oo and
NP %
lim sup,, ;,] < oo, thenY ~ ZlmpllesY & Z

Proof: Since lim sup; —1 < oo and limsup, S:—L < oo there exists H > 0 such that r;—i <
s m Ng? .

Hand Sn—: < Hforallé andn.LetY ~ Zande > 0andthereexisté, > 0andng > 0such
that for everyi > &y andj > no

1 Yuv Puy
A,',j = Z d ——, 0 < €.

M (uy) €ley
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LetT =max{A;;:1 <& <& and1 <75 <n},andgandwbesuchthatr: 1 <q <r;and
Sy—1 < w < s;,.Thus,

1 m.n Y, Puyv
o 2 4 (5 )
(gw)® Z (Zu,v

rs=1,1

TeSy p
1 Y
s > d(3o)

(r§_1577_1) rs=1,1

'I S'n Y Puyv
1 oy d(ﬂ,w>

<
(r§_1 Sn—1 ) tw=1,1 \ (uv)eitw Zuy
1 &o0.m0
=T\« Z VewAtu + Z ViwAtw
(re—150-1)" (=1 4 (re-159-1)°" 1) (Eo<t=&)U(no<w=n)
T §o0.m0 1
S & Z Yeu + Z VewAtw
(re—1591)" (0t (re159-1)" (§0<t=§)U(no<w=n)
< Tréosnoéoflo i 1 Z AcwVew

T (remasp-1)" (re-150-1)" o eceiomocwen

Tre,SnoEono 1
i ( wp ae) il Y

(re—159-1) t=EoUw=no re—15-1) (o<t=E)U(no<w=n)
Treysno€ono
< M +e Z Atw
(”5715%1) (Bo<t<&)U(no<w=n)
< MaoSnoforo
(I’g:—'lsrl—T)

Since rs and s, both approach infinity as both g and w approach infinity. Therefore

1 aw Yuv Puyv
e 2 d(Zu,v'w) -0

uv=1,1

+ eH2.

Therefore, y? P Z. [ |
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