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Abstract
In this paper, we consider matrices given as a linear combination of permutations and
analyze the impact of bit and phase flips on the perturbation of the eigenvalues. When
the coefficients in the linear combination are positive, we observe that the eigenvalues
of the resulting matrices exhibit resilience to quantum bit-flip errors. In addition, we
analyze the bit flips in combination with positive and negative coefficients and the
phase flips. Although matrices with mixed-sign coefficients show less resilience to the
bit-flip and phase-flip errors, the numerical evidence shows that the perturbation of
the eigenspectrum is very small when the rate of these errors is small. We also discuss
the situation when this matrix is implemented through block encoding and there is a
control register. Since any square matrix can be expressed as a linear combination of
permutationsmultiplied by two scalingmatrices from the left and right (via Sinkhorn’s
theorem), this paper gives a framework to study matrix computations in quantum
algorithms related to numerical linear algebra. In addition, it can give ideas to design
more error-resilient algorithms that may involve quantum registers with different error
characteristics.

1 Introduction

In quantum mechanics and many other fields, perturbation theory is used to find
approximate solutions for systems or to study system dynamics under perturbations
[1, 2]. Such analysis can be done by considering perturbations on the input data or
on the system. For a given matrix A ∈ CN with A |ψ〉 = λ |ψ〉 where λ is a simple
eigenvalue and |ψ〉 is the corresponding eigenvector. The eigenvalue perturbation
analysis [1, 2] is the study of understanding how λ changes when the small changes
occur in the matrix elements of A [3]. In general, bounding the error in eigenvalue
perturbation in terms of changes in matrix elements is difficult because even changing
a single element (e.g., setting one element to zero) can drastically alter eigenvalues
(see Theorem III.2.1 in [4]; see also Chapter 8 in [5] for related discussion).
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Therefore, the Gershgorin circle theorem, which provides bounds on the locations
of the eigenvalues, is very useful in practice [3, 5]: For a given n × n matrix A,
the i-th Gershgorin circle is defined as the set of all complex numbers z such that:
|z − aii | ≤ ∑n

j=1, j �=i |ai j |, where aii is the i-th diagonal element of A and ai j are the
off-diagonal elements. Each Gershgorin circle is centered at the diagonal element aii
with a radius equal to the sum of the absolute values of the off-diagonal elements in
the same row. The theorem implies that the eigenvalues of A are located within the
union of these circles.

In classical computation, changes in the matrix elements are caused by natural sys-
tem limitations such as floating-point representations [6, 7]. These errors sometimes
accumulate depending on the way the algorithm is designed for the problem or how
the algorithm is implemented on computers. As a result, studies on eigenvalue pertur-
bation play a significant role in determining whether, in some cases, these errors can
be prevented or minimized by redesigning algorithms or by rewriting implementations
in less error-prone ways. For instance, in the Gram-Schmidt process [5], orthonormal-
ization is achieved by subtracting from each vector its projection onto the directions
of previously chosen vectors. In the classical Gram-Schmidt algorithm, the vectors are
orthonormalized one at a time. The reorthogonalization step in the modified version
of the algorithm improves the numerical stability of the algorithm and reduces the
numerical errors caused by the finite-precision arithmetic.

Since perturbation theory is a frequently applied method in quantum mechan-
ics, similar eigenvalue perturbation analyses are also valid for quantum computation.
Quantum computation relies on manipulating probability amplitudes, where measure-
ment outcomes depend on squared magnitudes. For example, if we measure the right
answer on a qubit with probability p−ε instead of p, it may not affect the algorithmic
result when the error ε is not big enough to change the measurement outcome. In
other words, small errors in amplitudes do not affect the algorithmic outcome gener-
ally defined in terms of classical bits (i.e., 0, 1) when they are below a threshold that
alters the most probable result.

While quantum computers inherit the sensitivity to the changes in the matrix
elements, as long as these changes do not disrupt the measurement outcome (the
algorithmic accuracy) through bit flips (Pauli-X which flips the state of a qubit) and
phase flips (Pauli-Z which flips the sign of the amplitude), they can be neglected.
This is one reason why error-resilient quantum computational protocols are possible:
Examples of such protocols and algorithms include [8] which shows error resilience
phase transitions in quantum circuits, [9] which presents an error-resilient quantum
Monte Carlo simulation, and [10] which gives an error-resilient version of the phase
estimation algorithm.

On the other hand, while fault-tolerant quantum computation provides theoretical
safeguards against these errors, practical implementations of quantum algorithms-
particularly in numerical linear algebra-require granular analyses of operator resilience
to guide error-mitigation strategies [11, 12] (see [13] for a review of error-mitigation
techniques and their limits [14]).
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1.1 Mainmotivation points

• Quantum circuits are the evolution operators of some Hamiltonian operators.
Therefore, while the effect of bit-flip and phase-flip errors on the eigenvalues
of the Hamiltonian can be studied using random quantum circuits and applying
random errors, the model may include errors from mapping the Hamiltonian to a
quantum circuit or from finding the evolution operator of the Hamiltonian (e.g.,
finding circuits through Trotter-Suzuki decomposition).

• Quantum algorithms related to numerical linear algebra mostly use the block
encoding [15] scheme to represent a quantum operator since it also allows for
the embedding of non-unitary matrices. In block encoding schemes, the opera-
tor A, which may not be a Hermitian matrix, is generally considered as a linear
combination of unitary matrices. It is then used as part of a larger quantum circuit
represented by the following unitary matrix:

U =
(
A •
• •

)

. (1)

Here, it is important to represent A in simpler terms instead of general unitaries in
order to make the stability analyses of numerical algorithms easier.

• Any bistochastic matrix can be written as a convex combination of permutations
(Birkhoff’s theorem [16]). It is also possible to write any matrix A as a linear
combination of permutations multiplied by two scaling matrices from the left

and right in accordance with Sinkhorn’s theorem [17]: A = D1

(∑K
i=1 αi�i

)
D2,

where D1 and D2 are diagonal scalingmatrices,�i are permutations, αi are scalar,
and K is the number of terms. This result is closely related to the singular value
decomposition (SVD) where the scaling matrices are found and the Birkhoff-von
Neumann decomposition for bistochastic matrices (e.g., see [18, 19] see also [20]
for unitary matrices). As an example, consider a 2 × 2 matrix A which can be
written as:

A = D1(α1�1 + α2�2)D2, (2)

where:

�1 =
[
1 0
0 1

]

, �2 =
[
0 1
1 0

]

. (3)

By choosing appropriate scaling matrices D1 and D2 and coefficients, we can
represent the matrix A. One can also write matrix elements as a sum of Kronecker
products of X and controlled-X gates by dividing the matrix into blocks, writing
each block as a sum of matrices multiplied by some controlled-X operations, and
then repeating the same operations for the terms in the summation [21]. Note that
this does not necessarily generate an efficient decomposition.
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1.2 Main contributions

In this paper, we consider A as a linear combination of permutations which simplifies
error modeling. Since any matrix A can be written as a linear combination of permuta-
tions (after a left and a right scaling), this also retains broad applicability of the block
encoding scheme. Then, we present a probabilistic model of the bit and phase flips on
the permutation terms of the linear combination. In this probabilistic model, we ana-
lyze the bound of the eigenvalue perturbation and run numerical simulations to observe
the change of the eigenvalue spectrum under the influence of bit and phase-flip errors
that occur with different probabilities. In addition, we show how the perturbations in
the matrix and eigenvalues in this model relate to the perturbations in the fidelity of
an input quantum state.

In the analyses of the model, we analyze positive and mixed-sign coefficients sep-
arately: When the linear combination is constructed with positive coefficients, the
resulting matrix becomes positive (the matrix elements are nonnegative). From the
Perron-Frobenius theorem, it is known that the nonnegative matrices have dominant
eigenvalue pairs. We show that the matrices written as a linear combination of permu-
tations with positive coefficients are particularly resilient to bit-flip errors.

In the following section, we first describe the model and show the mathematical
analysis and numerical simulations for the eigenvalue perturbation. Then, in Sec.3,
we analyze how the fidelity of a quantum state is affected by the perturbation in the
operator in this definedmodel. And in the final sections, we conclude the paperwith the
discussion of how the presented model can be used to design error-resilient quantum
algorithms.

2 Themodel

In this paper,we assume thatwe are given A as a linear combination of K permutations:

A =
K∑

i

αi�i , (4)

where �i is a permutation and αi s are complex valued coefficients, αi ∈ C . Note
that if the coefficients are real and positive, the matrix becomes positive and it has a
dominant eigenvalue.

2.1 Modeling bit and phase-flip errors in matrix A

The quantum errors [22, 23] can be categorized as bit-flip and phase-flip errors. In
the case of a permutation �i , a bit-flip error can result in a different permutation
decomposition. We can directly consider a bit-flip error as applying a NOT gate to a
qubit before or after the permutation operation. Permutations admit representations
like cycle decompositions, permutation matrices, or gate sequences (e.g., SWAPs).
Therefore, in addition to applying a NOT gate, we can simulate the bit-flip error by
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either slightly changing the permutation matrix, permutation string, or cycles if the
permutation is written in the form of cycles.

With the probability pi , we have a bit flip on any random qubit bi (or any random
group of qubits) after applying the permutation�i . That means we have the term αi�i

with probability (1 − pi ) or αi Xbi �i with probability pi : Note that Xbi represents a
NOT gate on qubit bi or a group of qubits represented by bi . Therefore, for a given
probability vector p and a vector of qubit indices b, we can represent the applied
operator by the following probabilistic model:

A(p, b) =
K∑

i

(1 − pi )αi�i + piαi X
bi �i ,

=
K∑

i

αi

(
(1 − pi ) I + pi X

bi
)

�i .

(5)

In similar fashion, for each term if we assume a phase flip on any random qubit φi

with probability qi , we can write the following:

A(q, φ) =
K∑

i

αi
(
(1 − qi ) I + qi Z

φi
)
�i , (6)

where q and the φ are the vectors indicating probabilities and the random qubits. Here,
Z denotes the Pauli-Z gate, which applies a phase flip (|0〉 → |0〉, |1〉 → − |1〉).

If there are both phase- and bit-flip errors, we can combine the above equations and
rewrite the model as:

A(p, q, b, φ) =
K∑

i

αi
(
(1 − qi ) I + qi Z

φi
)

(
(1 − pi ) I + pi X

bi
)

�i .

(7)

Here, following standard quantum error models [24], we assume bit flips and phase
flips occur independently, with phase flips applied after bit flips to model sequential
error propagation.

2.2 Analysis of bit flips

2.2.1 The case˛i ∈ R and 0 ≤ ˛i ≤ 1

Forαi > 0, A is nonnegative, ensuring a dominant eigenvalue by the Perron-Frobenius
theorem [5]. Therefore, from the Perron-Frobenius theorem, A has a nonzero eigen-
vector (the eigenvector elements are real and nonnegative) and a positive dominant
eigenvalue in the sense that there is a gap between this and the second largest eigen-
value. Assume these pairs are the eigenvalue λmax and the eigenvector |x〉 and the
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dimension of the matrix is N : We can write the eigenvalue equation in terms of matrix
and vector elements as:

A |x〉 = λmax |x〉

=

⎛

⎜
⎜
⎝

∑N
j a1 j x j

...
∑N

j aN j x j

⎞

⎟
⎟
⎠ = λmax

⎛

⎜
⎝

x1
...

xN

⎞

⎟
⎠ .

(8)

If we sum the elements in both side of the equation, then we obtain:

N∑

i=1

N∑

j=1

ai j x j = λmax

N∑

i=1

xi . (9)

Since A is a linear combination of permutation matrices scaled by αi , each column
sum s j = ∑

i ai j = ∑
i αi (as permutations preserve column sums). Thus,

N∑

j=1

s j x j = λmax

N∑

j=1

x j . (10)

For a bistochastic matrix (s j = ∑
i αi constant), λmax = ∑

i αi , invariant under bit
flips that preserve column sums (permutations preserve column sums for bistochastic
matrices). By the Perron-Frobenius theorem [5], the dominant eigenvalue λmax of
a nonnegative matrix is isolated and corresponds to a positive eigenvector. Bit flips
that preserve non-negativity (e.g., permuting entries without sign changes) maintain
λmax stability. Since the dominant eigenvalue is not affected by the bit-flip errors, the
applications (e.g., [25]) that are based on this type of matrix are resilient to quantum
bit-flip errors.

For the other eigenvalues, the same cannot be said since the eigenvectors may have
nonpositive entries. Since nondominant eigenvalues correspond to eigenvectors with
mixed-sign entries, their sensitivity to perturbations increases. However, when bit flips
occur in terms with small coefficients (|αi | � λmax ), their impact on the spectrum is
attenuated.

We can also analyze this via the Gershgorin circle theorem [5, 26], which indicates
that every eigenvalue is bounded inside one of the circles that are defined by the center
aii , the i th diagonal element of matrix A, and the following radius:

Ri =
N∑

j, j �=i

|ai j |. (11)

When bit flips are applied; for each term, the Gershgorin radius changes by �Ri ≤
2|αi |, independent of the number of flipped qubits: The per-term perturbation to
the Gershgorin radius is bounded by 2pi |αi |. This is because a permutation matrix
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(each term) has at most one nonzero element in its rows/columns. Any flipping can
at most change the value of two elements. Assuming maximum value for pi , i.e.,
pi = 1, gives 2|αi | for per-term bound for per-term total change. Summing over
all terms, the total perturbation to the Gershgorin radius of row j is bounded by
�R j ≤ 2

∑K
i=1 pi |αi |. For independent bit flips, the expected perturbation becomes

E[�R j ] ≤ 2
∑K

i=1 pi |αi |. (see Appendix A for a detailed derivation). For small K
(i.e., K � N ) and |αi | or for small pi (i.e., pi � 1/K ; �Ri remains negligible,
leaving eigenvalue bounds largely unchanged. However, while the absolute changes
might be small, relative changes �Ri/|λi | could be significant: For eigenvalues with
small magnitudes, the relative perturbation may become significant even if �Ri is
small.

The numerical simulation of the discussed bit-flip case is presented in Fig. 1 where
we use random matrices of n = 8 qubits with the number of terms K = 256 (i.e.,
K = 2n) and, in a separate simulation, K = 16 (corresponding to 2n). In the figures,
for each term in the summation, we randomly choose probabilities pi and qi from the
probability range [0, Pmax ], and randomly choose group of qubit indices bi and φi

from [1, Gmax ]. Here, while Pmax indicates maximum probability, Gmax indicates the
maximum possible vector size of bi and φi , i.e., the maximum number of qubits that
are flipped in each term. In these cases, it is set to n.

The changes measured in terms of the relative error in the dominant eigenvalues,
λmax (A) and λmax (A(p, q)), of the original and the perturbed matrices:

re = |λmax (A) − λmax (A(p, q))|
|λmax (A)| , (12)

and the normalized mean squared error of all eigenvalues:

NMSE = 1

N

N∑

i

|λi (A) − λi (A(p, q))|2
|λmax (A)| . (13)

2.2.2 The case where we have a control and a system registers

The implementation of the circuit A via U given in Eq. (1) generally involves a control
register on the permutations. The control register may also implement the coefficients.
If there is a bit flip on the control register, the coefficients of the permutations are
swapped, but the eigenvalue spectrum remains the same. Therefore, A built with
positive coefficients is resilient to bit-flip errors in both registers.

2.2.3 The case˛i ∈ R and−1 ≤ ˛i ≤ 1

When αi s are no longer positive, any changes in either the control or the system
register result in a change in the sum of matrix terms and may drastically change the
eigenspectrum of the matrix, especially when we have a large value of pi . For n = 8
qubits, the change of the relative and the mean squared errors are shown in Fig. 2 for
random matrices of size 2n with K = 2n and K = 2n number of summation terms.
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Fig. 1 Relative error (Eq. (12)) and NMSE (Eq. (13)) for A(p, b)with n = 8 qubits: Each trial (dot) applies
bit flips to 1-8 random qubits per term. Lines show mean relative error in Eq.(12) and NMSE in Eq.(13)
across 30 trials run with different probability choices in A(p, b). (a) K = 16; (b) K = 256
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Fig. 2 Errors defined in Eqs. (12) and (13) with different probability choices in A(p, b)

2.2.4 The case where only one of the registers is imperfect

When only one of the registers is imperfect (i.e., not fault-tolerant), the overall eigen-
value perturbation can be reduced by changing the definition of A:
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• In the case where the control register is imperfect, the number of permutation
terms should be reduced by grouping or restructuring the permutation matrices
and reducing the control operations, if possible.

• In the casewhere the system register is imperfect but the error rate is small, dividing
the summation terms into multiple terms reduces the values of the coefficients. It is
known that reducing control register complexity mitigates error propagation, akin
to error mitigation in variational algorithms [27]. In addition, smaller coefficients
|αi | in these algorithms minimize perturbation impact [13]. Therefore, any bit-flip
error cannot cause a substantial change on the overall eigenvalue spectrum.

2.3 Analysis of phase flips

Phase-flip (modeled as Z gates) invert matrix entries, potentially reversing eigenvalue
contributions (e.g., αi → −αi ), whereas bit-flips permute entries, preserving non-
negativity. Thus, phase flips induce larger spectral deviations for mixed-sign αi . If the
rate at which these flips occur is sufficiently small, we can analyze them through the
Gershgorin theorem. This at least can show if the circles that cover the eigenvalue
change much. And one can conclude if the considered matrix or the system is resilient
enough to the errors.

However, when the error rate is high, the matrix changes dramatically. Therefore,
any analysis would fail to give meaningful information on the amount of perturbation
for any particular eigenvalue. Figure 3 shows the errors for random matrices with
different choices of the probability q with αi ∈ R and −1 ≤ αi ≤ 1. As can be seen
from the figure, the results are very similar to the case of bit-flip errors with positive
and negative α coefficients. Both error types in Eq. (7) are linear combinations of I ,
X , and Z terms. Analogous Gershgorin analysis applies, with phase-flip perturbations
bounded by �Ri ≤ 2qi |αi | (see Appendix B).

3 Analysis on the fidelity of a quantum state

We will measure the fidelity of an output state generated with A(p, q, b, φ) by
its closeness to the expected output generated with A. For a random normalized
input |ψ〉, the original expected output |ϕ〉 = A |ψ〉, and the erroneous output
|ϕ̃〉 = A(p, q, b, φ) |ψ〉, this can be formulated in the normalized form as:

foverlap = | 〈ϕ|ϕ̃〉 |
‖ |ϕ〉 ‖2 . (14)

Note that the normalization is necessary to make this value 1 when |ϕ̃〉 = |ϕ〉.
We can also measure the fidelity of the output state by using the relative error

which is sensitive to the global phase errors. For conciseness, if we call the matrix
A(p, q, b, φ) as B, we can express the fidelity as:

fre = 1 − ‖ |ϕ〉 − |ϕ̃〉 ‖
‖ |ϕ〉 ‖ = 1 − ‖(A − B) |ψ〉 ‖

‖A |ψ〉 ‖ . (15)
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Fig. 3 Errors defined in Eqs. (12) and (13) with different probability choices in A(q, φ)

The numerator in the error part measures how close the perturbedmatrix to the original
matrix. Here, note that this problem is commonly known as the matrix nearness prob-
lem [28, 29]. The relative error term in this equation is very similar to the relative and
mean squared eigenvalue errors given in Eqs. (12) and (13), respectively. Therefore,
they can be considered as indicators for the fidelity. For instance, a further analysis
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of the error term by using the submultiplicative property of the Frobenius or 2-norm
yields a very similar equation:

For any matrix M and vector |ψ〉, the operator norm satisfies [5]:

‖M |ψ〉 ‖ ≤ ‖M‖ · ‖ |ψ〉 ‖. (16)

Assuming |ψ〉 is normalized (‖ |ψ〉 ‖ = 1), using the submultiplicativity of the oper-
ator norm, we have:

‖(A − B) |ψ〉 ‖
‖A |ψ〉 ‖ ≤ ‖A − B‖ · ‖ |ψ〉 ‖

‖A |ψ〉 ‖ = ‖A − B‖
‖A |ψ〉 ‖ . (17)

This indicates that the relative error in the output state is bounded by the relative error
in the operator, scaled by the inverse of the norm of the transformed state.

We can further relate this to the singular values (or eigenvalues) of the matri-
ces through the properties of the spectral norm. Since the spectral norm satisfies
‖A |ψ〉 ‖ ≤ σmax (A)‖ |ψ〉 ‖ and |ψ〉 is normalized, we can write:

σmin(A) ≤ ‖A |ψ〉 ‖ ≤ σmax(A), (18)

where σmax(·) and σmin(·) are the maximum and minimum singular values, respec-
tively.

From these inequalities, we can deduce the following bounds for the relative error:

‖(A − B) |ψ〉 ‖
σmax (A)

≤ ‖(A − B) |ψ〉 ‖
‖A |ψ〉 ‖ ≤ ‖(A − B)‖

σmin(A)
. (19)

A higher value in these terms generally indicates a larger relative error and a lower
fidelity.

For the upper bound in the inequality above, we can further write:

‖(A − B) |ψ〉 ‖
σmin(A)

≤‖A − B‖
σmin(A)

= σmax (A − B)

σmin(A)
(20)

≤ σmax (A) + σmax (B)

σmin(A)
. (21)

This bound explicitly depends on the condition number κ(A) = σmax(A)/σmin(A). For
ill-conditioned matrices (κ(A) 
 1), even small perturbations B can amplify relative
errors due to the large κ(A). This bound is foundational in perturbation analysis for
linear systems andmatrix computations,where the stability of the system is determined
by the condition number of the matrix [5].

Similarly, for the lower bound of the relative error expressed in terms of σmax (A)

in the denominator, we have:
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‖(A − B) |ψ〉 ‖
σmax (A)

≤‖A − B‖
σmax (A)

= σmax (A − B)

σmax (A)
(22)

≤ σmax (A) + σmax (B)

σmax (A)
. (23)

We can also put a lower bound on the relative error using the reverse triangle
inequality:

‖(A − B)‖ ≥ |‖A‖ − ‖B‖| = |σmax (A) − σmax (B)|. (24)

While this does not directly relate to ‖(A − B) |ψ〉 ‖, when |ψ〉 aligns with A’s right
singular vector corresponding to σmax (A) (meaning ‖A |ψ〉 ‖ = σmax (A)), it leads to
the following lower bound for the relative error:

‖(A − B) |ψ〉 ‖
‖A |ψ〉 ‖ ≥|‖A |ψ〉 ‖ − ‖B |ψ〉 ‖|

‖A |ψ〉 ‖ (25)

= |σmax (A) − ‖B |ψ〉 ‖|
σmax (A)

. (26)

Note that the above analysis aligns with perturbation theory for linear operators, where
singular values are used to determine spectral stability [3, 4].

Symmetric Matrices: For symmetric matrices, since σmax (A) = |λmax (A)|, this
bound is related to the expression for the relative error given in Eq.(12). Further-
more, the analyses in the previous section for eigenvalue perturbation might provide
an approximate bound for the relative error which may be observed when the oper-
ator is applied to a random input state. For example, if A and B are symmetric, the
eigenvalues of A − B lie within Gershgorin disks centered at (A − B)i i with radii
�Ri = ∑

j �=i |(A − B)i j |. If the Gershgorin disks for A − B are bounded by �Ri ,
the spectral norm of A − B satisfies (assuming the disk centers (A − B)i i are very
small or A and B has the same diagonal entries):

‖A − B‖ = max
i

|λi (A − B)| ≤ max
i

�Ri . (27)

Note that this equation assumes negligible diagonal perturbations: For general cases,
the spectral norm bound includes disk centers: ‖A−B‖ ≤ maxi (|(A − B)i i | + �Ri ).
For a symmetric matrix A and normalized |ψ〉, the fidelity fre becomes:

fre = 1 − ‖(A − B) |ψ〉 ‖
‖A |ψ〉 ‖ ≥ 1 − ‖A − B‖

‖A |ψ〉 ‖ . (28)

If |ψ〉 aligns with A’s dominant eigenvector (‖A |ψ〉 ‖ = |λmax(A)|) and ‖A − B‖ ≤
maxi �Ri , then:

fre ≥ 1 − maxi �Ri

|λmax(A)| . (29)
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We can similarly analyze the case where the fidelity is measured by foverlap given
in Eq.(14): Assuming A and B are real symmetric matrices and ‖ |ψ〉 ‖ = 1, we can
write the following:

foverlap =‖ 〈ϕ|ϕ̃〉 ‖
‖ |ϕ〉 ‖2 = ‖ 〈ψ | AT B |ψ〉 ‖

‖A |ψ〉 ‖2

≥‖ 〈ψ | AT B |ψ〉 ‖
‖A‖2 = |λmax (AT B)|

σmax (A)2
,

(30)

where in the last part, we use the Rayleigh-Ritz eigenvalue theorem [5] for the numer-
ator by assuming that AT B has all real eigenvalues and |λmax (AT B)| represents the
eigenvalue with the maximum magnitude and the definition of the 2-norm for the
denominator.

3.1 Numerical simulation of random states

In some algorithms, the change in the fidelity of the quantum state may be more
significant for the overall accuracy of the algorithm. For instance in the Grover search
algorithm [30], obviously an error in themarking part of the algorithm leads tomarking
of a wrong search item. This would then increase the probability of the wrong item
which would lead to an unsuccessful run of the algorithm. This can be caused by both
a bit flip which would change the marked element and a phase flip which would mark
a wrong element. However, some algorithms or some parts of themmay be more error
resilient. For instance, in the Shor’s factoring algorithm [31], all eigenvalues encode
the period. Therefore, a type of error affecting only the period-finding step may not
alter the final result if the majority outcome remains valid. Or in the phase estimation
algorithm, a slight change of the input state may not change the targeted eigenvalue if
it does not get close to another eigenstate.

Below, we will observe the fidelity changes by using random input states in the
case of bit-flip and phase-flip errors.

3.2 The fidelities in the case of bit flips

Here, we repeat the similar simulations: For each error probability p, 30 trials are
conducted: A(p, b) is generated by applying bit flips to 1-8 random qubits per term
in A, with pi ∼ Uniform[0, pmax]. Fidelities foverlap and fre are averaged over 30
random input states.

If we choose αi s and the amplitudes of the input state positive, as shown in Fig. 4,
we see the same error resilient observed in Fig. 1 . Therefore, the fidelity of the output
state does not diverge from the expected state too much.

However, if we choose the amplitudes and αi s in the range [-1,1], the fidelity
diverges more from the expected state as drawn in Fig. 5. We see that the amount
of the divergence in the case of fre is more than the relative error of the eigenvalue
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Fig. 4 Random state fidelities defined in Eqs. (14) and (15) with different probability choices in A(p, b)

perturbation given in Fig. 2 while the behavior is similar. Here, note that, as mentioned
before, for quantum states foverlap is a more suitable measurement of the fidelity than
fre since the latter does not accommodate the global phase differences.
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3.3 The fidelities in the case of phase flips

We repeat the simulations for A(q, φ). Figure 6 shows the fidelities in this case which
is very similar to the case of bit flips when we choose the amplitudes and αi s in range
[-1,1]. Figures 2 and 5 exhibit comparable NMSE trends because both error types
perturb A by O(|αi |) terms. For |αi | ≤ 1, phase flips induce ±2αi deviations, akin to
bit-flip permutations. From this, one may argue that preventing the sign flips on the
matrix elements (this can be caused also by bit flips) or on the amplitudes are more
crucial to get more error-resilient algorithms.

3.4 Sparse input state

To observe how a sparse input can be affected by the perturbation in matrix A, we
randomly choose a 99%sparse input state and repeat the last two simulations for bit-flip
and phase-flip errors. Both A(p, b) and A(q, φ) cases are presented in Fig. 7. As can
be seen from the figure, although some cases diverge from the mean value and show
better results, the overall picture is similar to the previous simulations. Therefore, we
can conclude that operator perturbations predominantly govern fidelity loss, though
input-sensitive algorithms (e.g., Grover’s search) may exhibit state-dependent error
propagation.

4 Discussion and conclusion

In this paper, we describe a probabilistic model by writing a matrix as a linear com-
bination of permutations. We have analyzed bit-flip and phase-flip errors and shown
that some cases are more error resilient in terms of eigenvalue perturbation.

The model described in this paper can be used as a basis to study different matrices.
As indicated in the introduction, anymatrix can be rewritten as a linear combination of
permutations. In addition, the coefficients in the matrix can be converted into positive
values as follows:

• Generalizing permutations: One can push the sign to the permutation. In this case,
one needs to implement them in terms of not only X gates, but also other gates
such as Z , H , Y .

• Converting the matrix into a bistochastic matrix by following Sinkhorn’s theorem
[17] and scaling the matrix by diagonal matrices from the left and right. Note that
unitary matrices can also be converted by using two unitary matrices [20].

Most quantum numerical algorithms, such as singular value transformation [15] or
signal processing [32], are modeled through block encoding given in Eq. (1). There-
fore, the error resilience of a matrix can be analyzed before the application of such
algorithms.

Themodel also gives an idea to combine registerswith different characteristics. This
can also be used to design more error-resilient algorithms (or distributed algorithms)
where some local registers are more error-prone than others by shifting parts that
impact the eigenvalue spectrum most to the error-resilient registers. For instance, on
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Fig. 5 Random state fidelities defined in Eqs. (14) and (15) with different probability choices in A(p, b)
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Fig. 6 Random state fidelities defined in Eqs. (14) and (15) with different probability choices in A(q, φ)
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Fig. 7 Fidelities defined in Eqs. (14) and (15) in the case of sparse random input states
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variational quantum circuits, some terms may be run on non-perfect registers, while
others are run on perfect registers.

A Gershgorin analysis for bit-flip perturbations

The bit-flip error modifies each permutation term αi�i in A as:

�Ai = αi pi
(
Xbi − I

)
�i , (31)

where Xbi applies a Pauli-X (bit flip) to qubit(s) bi . If the perturbation alters up
to 2n entries per row, the Gershgorin radius perturbation would become �R j ≤
2n

∑K
i=1 pi |αi |. However, each permutation matrix �i has exactly one “1” per row

and column. A bit flip on bi swaps entries in �i , altering at most two elements per
row (removing a “1” from one position and adding it to another). Let j denote the
row index, k = �i ( j) the original column index, and k′ = Xbi (�i ( j)) the perturbed
column index after applying Xbi . Suppose �i has a 1 at position ( j, k). A bit flip
might move this 1 to a new position ( j, k′). This means removing αi from column k,
and adding αi to column k′.

The Gershgorin radius R j is the sum of absolute off-diagonal elements in row j .
Since the perturbation changes two entries, we can write:

�R j = |a jk − αi pi | + |a jk′ + αi pi | = 2pi |αi |. (32)

Here, a jk and a jk′ are initially zero (off-diagonal elements of�i ), and the perturbation
introduces ±αi pi .

For K terms in the linear combination A = ∑
i αi�i , the total perturbation to R j

is:

�R j ≤
K∑

i=1

2pi |αi |. (33)

The factor of 2 reflects the dual action of bit flips: removing a contribution from one
column and adding it to another. For independent bit flips, the expected perturbation
is:

E[�R j ] ≤ 2
K∑

i=1

pi |αi |. (34)

This distinguishes bit flips from phase flips (which only alter signs) and ensures the
bound aligns with the physical effect of qubit state flips in quantum operations.
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B Gershgorin analysis for phase-flip perturbations

The Gershgorin circle theorem states that every eigenvalue of a matrix A ∈ C
N×N

lies within at least one Gershgorin disk Di , where:

Di = {z ∈ C : |z − aii | ≤ Ri } , Ri =
∑

j �=i

|ai j |. (35)

For a matrix A = ∑K
i=1 αi�i , phase-flip errors perturb A to Ã = ∑K

i=1 αi ((1 − qi )
I +qi Zφi )�i . We derive the bound �Ri ≤ 2qi |αi | for the change in Gershgorin radii
as follows:

The error modifies each term αi�i by:

�Ai = αi qi
(
Zφi − I

)
�i . (36)

Since Zφi is a diagonal matrix with entries ±1, the difference Zφi − I has diagonal
entries 0 or −2, depending on the qubit φi .

The permutation �i maps indices j → �i ( j). For a phase flip on qubit φi , the
perturbation �Ai alters the matrix entries in row j by:

|�a jk | ≤ 2qi |αi | · δk,�i ( j), (37)

where δk,�i ( j) = 1 if k = �i ( j), else 0.
Each term �Ai contributes at most 2qi |αi | to the Gershgorin radius R j of row

j , since only one off-diagonal entry a j,�i ( j) is modified. Summing over all K terms
gives:

�R j ≤
K∑

i=1

2qi |αi |. (38)

If phase flips occur independently with qi � 1, the expected perturbation is:

E[�R j ] ≤ 2
K∑

i=1

qi |αi |. (39)

Note that for qi ≤ qmax and |αi | ≤ αmax, this simplifies to �R j ≤ 2Kqmax αmax. This
shows that the spectral stability results for bit flips are equally applicable to phase
flips. This justifies using the same framework to bound eigenvalue deviations under
both error types.
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