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Abstract. In the present paper, a nonlinear fractional Schrödinger equation is investigated with a numerical approach. First and
second orders of accuracy difference schemes are constructed for a mixed problem for a nonlinear fractional Schrödinger equation
with Neumann boundary condition. Results of numerical experiments support the convergence of solutions of constructed first and
second order of accuracy difference schemes to exact solution of the problem.
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INTRODUCTION

In this study, a mixed boundary value problem for the m-dimensional nonlinear fractional Schrödinger equation

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

i ∂u
∂t −
∑m

r=1(ar(x)uxr )xr =
t∫

0
f
(
s,Dαs u(s, x)

)
ds,

0 < t < T, x = (x1, · · ·, xm) ∈ Ω,

u(0, x) = 0, x ∈ Ω,

∂u/∂−→n = 0, x ∈ S

(1)

with a homogeneous Neumann condition is considered [1]. Here ar(x), x ∈ Ω is a smooth function and ar(x) ≥ a > 0
for 1 ≤ r ≤ m, a is a constant. −→n denotes the normal to the boundary S = ∂Ω and α ∈ [0, 1].

Here, first and second orders of accuracy difference schemes will be presented for problem (1). Numerical exper-
iments will be carried out on a mixed boundary value problem for a one-dimensional nonlinear fractional Schrödinger
equation. Numerical results will be presented.

DISCRETIZATION OF PROBLEM

In order to discretize problem (1) with respect to space variable, we define the grid sets:

Ωh = {xr = (h1r1, ..., hmrm), r = (r1, ..., rm),

0 ≤ r j ≤ Nj, h jNj = 1, j = 1, ...,m},

Ωh = Ωh ∩Ω, S h = Ωh ∩ S .

(2)
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In this step, we assign the spatial derivative operator in problem (1) with the difference operator Ax
h as:

Ax
huh = −

m∑
r=1

(ar(x)uh
xr

)xr , jr (3)

acting in the space of grid functions uh(x), satisfying the conditions Dhuh(x) = 0 for all x ∈ S h. Here, Dhuh(x)
represents an approximation of ∂u/∂−→n [2]. It is beneficial to note that Ax

h is a self-adjoint positive definite operator in
L2(Ωh) [3]-[4]. With the help of Ax

h, we arrive at the initial value problem

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

i ∂u
h(t,x)
∂t + Ax

huh(t, x) =
t∫

0
f h
(
s,Dαs uh(s, x)

)
ds,

0 < t < T, x ∈ Ωh,

u(0, x) = 0, x ∈ Ωh.

(4)

Next step is discretization over time. In order to achieve this we need first and second orders of accuracy difference
formulas for fractional time derivative which are presented respectively as [5]:

D1,α
τ uk =

1
Γ(1 − α)

k∑
m=1

Γ(k − m − α + 1)
(k − m)!

(um − um−1

τα

)
, (5)

and

D2,α
τ uk =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
Γ(3−α)21−ατα (−u0 + u1), k = 1,

32−α
24−αταΓ(4−α) {(14α − 15)u0 − (α + 33)u1

+(2α + 3)u2} , k = 2,

∑k−1
m=2

{
τ−α
Γ(2−α)η (k − m) (um−1 − um−2)

+
(um−2um−1+um−2)τ−α

Γ(1−α)

(
(k−m+1)η(k−m)

(1−α)

)

+
(um−2um−1+um−2)τ−α

Γ(1−α)

(
ζ(k−m)
(2−α)

)}

+ τ−α
Γ(2−α)21−α (uk−1 − uk−2)

+
τ−α(3−α)
Γ(3−α)22−α (uk − 2uk−1 + uk−2), 3 ≤ k ≤ N,

(6)

where
η(r) = (r + 1/2)1−α − (r − 1/2)1−α, ζ(r) = (r − 1/2)2−α − (r + 1/2)2−α. (7)

Using the approach on approximation of abstract parabolic equations in [4], we construct the first and second orders
of accuracy difference schemes for problem (1) respectively as:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

i uh
k−uh

k−1
τ
+ Ax

huh
k =
∑k

l=1 f h
l−1(x)τ, x ∈ Ωh,

f h
k (x) = f (tk, x,D1,α

τ uh
k), tk = kτ, 1 ≤ k ≤ N − 1, Nτ = 1, x ∈ Ωh

uh
0(x) = 0, x ∈ Ωh

(8)
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and ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

i uh
k−uh

k−1
τ
+ 1

2 Ax
huh

k +
1
2 Ax

huh
k−1 = Fh

k (x), x ∈ Ωh,

tk = kτ, 1 ≤ k ≤ N − 1, Nτ = 1,

uh
0(x) = 0, x ∈ Ωh

(9)

where

Fh
k (x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

τ
2

(
f (τ, x,D2,α

τ u(h)
1 ) + f (0, x,D2,α

τ u(h)
0 )
)
, k = 1,

+ τ2

(
f (tk, x,D2,α

τ u(h)
k ) + f (tk−1, x,D

2,α
τ u(h)

k−1)
)

τ
∑k−1

l=1 f (tl, x,D2,α
τ u(h)

l ), x ∈ Ωh, 2 ≤ k ≤ N.

(10)

NUMERICAL ANALYSIS

We consider the following one-dimensional nonlinear fractional Schrödinger differential equation with the exact so-
lution u = (eit − 1) cos(x):

i ∂u(t,x)
∂t − ∂

2u(t,x)
∂x2 =

∫ t
0 sin(Dα(u(s, x) − (eit − 1) cos x))ds − cos x

0 < x < π, 0 < t < 1,

u(0, x) = 0, 0 < x < π,

ux(t, 0) = ux(t, π) = 0, 0 < t < 1.

(11)

Here, we implement iterated first and second orders of difference schemes (8) and (9) on a one dimensional nonlinear
fractional Schrödinger problem [6]. Fully discrete difference schemes are achieved by implementation of central
difference method for discretization of spatial operator. Throughout the experiments, iterations start with u0

k = 0 and
terminate when the maximum absolute error between each iteration becomes less than 10−7 at an iteration step. To
get the first and second orders of accuracy difference schemes for problem (11), we implement difference schemes (8)
and (9). Then, we convert the problem into a system of matrix equations and we use a modified Gauss-Elimination
method to deal with this system. L2 error-(E1) and maximum error-(E2) of first order difference scheme for problem
(11) are reported in Table 1 and Table 2 for α = 0.5 and α = 0.75 respectively. Also, estimated rates of convergence
are demonstrated in Table 1 and Table 2 for the time variable. A similar experiment is carried out for second order
of accuracy difference scheme of problem (11) which is obtained by implementation of difference scheme (9) on
problem (11). Numerical results are presented in Table 3 and Table 4 for α = 0.5 and α = 0.75 respectively. Here,
it is useful to note that estimated rates of convergence are demonstrated in the tables for errors E1 and E2 as C1 and
C2 respectively. Numerical results support the convergence of solutions of the constructed first and second orders of
accuracy difference schemes to exact solution of problem (11).

TABLE 1. Errors of solution for first order difference
scheme (8) for problem (11), where α = 0.50 when h =
0.002π.

N E1 C1 E2 C2

10 9.13×10−2 0.95 1.05×10−1 0.97
20 4.73×10−2 0.93 5.36×10−2 0.96
40 2.49×10−2 0.87 2.76×10−2 0.92
80 1.36×10−2 - 1.46×10−2 -
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TABLE 2. Errors of solution for first order difference
scheme (8) for problem (11), where α = 0.75 when h =
0.002π.

N E1 C1 E2 C2

10 9.19×10−2 0.95 1.06×10−1 0.98
20 4.76×10−2 0.92 5.39×10−2 0.96
40 2.51×10−2 0.85 2.78×10−2 0.93
80 1.36×10−2 - 1.46×10−2 -

TABLE 3. Errors of solution for second order difference
scheme (9) for problem (11), where α = 0.50 when h =
0.002π.

N E1 C1 E2 C2

10 9.03×10−4 2.08 1.10×10−3 2.04
20 2.12×10−4 2.03 2.66×10−4 2.04
40 5.16×10−5 2.00 6.45×10−5 2.02
80 1.29×10−5 - 1.59×10−5 -

TABLE 4. Errors of solution for second order difference
scheme (9) for problem (11), where α = 0.75 when h =
0.002π.

N E1 C1 E2 C2

10 9.97×10−4 2.16 1.30×10−3 2.18
20 2.23×10−4 2.07 2.79×10−4 2.07
40 5.30×10−5 2.00 6.64×10−5 2.01
80 1.33×10−5 - 1.64×10−5 -

CONCLUSION

A nonlinear fractional Schrödinger equation is investigated with a numerical approach. The first and second order of
accuracy difference schemes are constructed for a mixed type of nonlinear fractional Schrödinger problem with Neu-
mann boundary condition. Results of numerical experiments support the convergence of solutions of the constructed
difference schemes to exact solution of the problem.
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