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In this paper, we study non-CMC biconservative surfaces with flat normal bundle in 
the Euclidean 4-space E4. First, we determine locally all parallel normalized mean 
curvature vector (PNMCV) biconservative surfaces in E4, showing that they are 
certain rotational surfaces. Then, we consider meridian surfaces lying on a rotational 
hypersurface of E4 and construct a family of biconservative surfaces with flat normal 
bundle and non-parallel normalized mean curvature vector.
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1. Introduction

Let (Mm, g) and (Nn, ̃g) be some Riemannian manifolds. Then, the bi-energy functional is defined by

E2(ψ) = 1
2

∫
M

|τ(ψ)|2vg

whenever ψ : M → N is a smooth mapping, where τ(ψ) denotes the tension field of ψ.
A mapping ψ : M → N is said to be biharmonic if it is a critical point of E2. In [18], it was proved 

that the mapping ψ is biharmonic if and only if it satisfies the Euler–Lagrange equation associated with 
bi-energy functional given by

τ2(ψ) = 0, (1)

where τ2 is the bitension field defined by τ2(ψ) = Δτ(ψ) − trR̃(dψ, τ(ψ))dψ and Δ is the Rough–Laplacian 
(see also [19]).
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Biharmonic isometric immersions have cough a particular interest of many geometers ([5,9,12,16,17,21,
22]). When ψ is an isometric immersion, by considering tangential and normal components of τ2(ψ), one 
can obtain the following proposition (see for example [9,22]).

Proposition 1.1. Let ψ : Mm → Nn be an isometric immersion between two Riemannian manifolds. Then, 
ψ is biharmonic if and only if the equations

mgrad ‖H‖2 + 4trA∇⊥
· H(·) + 4tr(R̃(·, H)·)T = 0 (2)

and

trαψ(AH(·), ·) − Δ⊥H + tr (R̃(·, H)·)⊥ = 0 (3)

are satisfied, where A, H and αψ denote the shape operator, the mean curvature vector and second funda-
mental form of ψ, ∇⊥ is the normal connection of M and Δ⊥ is the Laplacian associated with ∇⊥.

From Proposition 1.1, one can see that an isometric immersion x : M → N is biharmonic if its mean 
curvature vector field H vanishes identically. In [4], Bang-Yen Chen conjectured that the converse of this 
statement is also true if the ambient space is Euclidean. Chen’s biharmonic conjecture has been verified in 
a lot of particular cases so far (see for example [5,6,8,12,16,21]). However, the conjecture is still open.

On the other hand, a mapping ψ : M → N satisfying the condition

〈τ2(ψ), dψ〉 = 0, (4)

that is weaker than (1), is said to be biconservative. In particular, if ψ = x is an isometric immersion, then 
(4) is equivalent to

τ2(x)T = 0,

where τ2(x)T denotes the tangential part of τ2(x). In this case, M is said to be a biconservative submanifold 
of N . Before we proceed, we would like to note that one can conclude the following well-known proposition, 
by considering Proposition 1.1 (see for example [1,9]).

Proposition 1.2. Let x : Mm → Nn be an isometric immersion between two Riemannian manifolds. Then, 
x is biconservative if and only if the equation (2) is satisfied.

In order to understand geometry of biharmonic submanifolds, biconservative immersions have been 
studied in many papers so far. For example, the complete classification of biconservative hypersurfaces 
in Euclidean spaces with three distinct principle curvatures is obtained by the second named author in [25]. 
Later, this study moved into pseudo-Euclidean spaces in [14,26].

On the other hand, classification results on biconservative surfaces in 3-dimensional space-forms have 
been appeared in some papers. In [16], Hasanis and Vlachos proved that a biconservative surface with non-
constant mean curvature in the Euclidean 3-space E3 is necessarily congruent to a rotational surface with an 
appropriately chosen profile curve. Later, Yu Fu obtained a classification result on biconservative surfaces in 
the Minkowski 3-space E3

1, [11]. Further, biconservative surfaces in the 3-dimensional Lorentzian space forms 
were studied in [13]. In [23], Montaldo et al. obtained the complete classification of biconservative surfaces 
with constant mean curvature in the 4-dimensional Riemannian space-forms. The complete classification 
of surfaces with parallel mean curvature vector in product spaces Sn × R and Hn × R appeared in [10]. 
Most recently, the general properties of biconservative surfaces in arbitrary manifolds, and in particular the 
properties of biconservative surfaces with constant mean curvature were studied in [24].
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In this paper, we obtain new results on biconservative surfaces in the Euclidean 4-space. In Sect. 2, after 
we describe the notation that we will use, we give basic facts on biconservative submanifolds. In Sect. 3, 
we give complete classification of biconservative surfaces in Euclidean spaces with parallel normalized mean 
curvature vector field. Then, in Sect. 4, we get complete classification of biconservative meridian surfaces 
and construct a family of biconservative surfaces with flat normal bundle and non-parallel normalized mean 
curvature vector.

2. Biconservative submanifolds in Euclidean spaces

Let En denote the Euclidean n-space with the canonical positive definite Euclidean metric tensor given 
by

g̃ = 〈 , 〉 =
n∑

i=1
dx2

i ,

where (x1, x2, . . . , xn) is a rectangular coordinate system in En and ∇̃ stands for its Levi-Civita connection. 
Consider an m-dimensional submanifold M of En. Let ψ : M → E

n be an isometric immersion and let ∇⊥

denote its normal connection. A normal vector field ξ is called parallel if ∇⊥
Xξ = 0 whenever X is tangent 

to M .
On the other hand, the mean curvature vector field H of ψ is defined by

H = 1
2trh(·, ·) (5)

and the mean curvature (function) is given by

f = 〈H,H〉1/2,

where h = αψ is the second fundamental form of ψ. M is called minimal if f vanishes identically.
Assume that M is not minimal, i.e., f > 0. If the unit normal vector field H/f is parallel, then M is 

called a parallel normalized mean curvature vector field submanifold, i.e., M is a PNMCV submanifold. It 
is obvious that PNMCV submanifolds generalize non-minimal submanifolds with parallel mean curvature 
vector. Further, a PNMCV submanifold has parallel mean curvature vector if and only if it has constant 
mean curvature which is equivalent to being constant of f . It is possible to find examples of PNMCV 
submanifolds with non-constant mean curvature (see for example [3,20]). Before we proceed we would like 
to note that a PNMCV surface M in the Euclidean space En has flat normal bundle (see [2, Proposition 1.1, 
pg. 99]).

Since the curvature tensor R̃ of En vanishes identically, the following proposition is obtained immediately 
from (2).

Proposition 2.1. Let M be an m-dimensional PNMCV submanifold of the Euclidean space En and ψ : M →
E
n an isometric immersion. Then, ψ is biconservative if and only if

Am+1(gradf) = −mf

2 gradf, (6)

where em+1 = H
f and Am+1 is the shape operator corresponding to em+1.

Remark 2.2. If the mean curvature vector H is parallel, then (6) is satisfied trivially. Therefore, after this 
point by a proper-PNMCV biconservative surface, we will mean a surface admitting a PNMCV biconserva-
tive immersion into E4 whose mean curvature and its gradient is nowhere vanishing.
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2.1. Basic equations in the theory of surfaces of En

Let M be a surface in En, ∇, h and A denote its the Levi-Civita connection, second fundamental form and 
shape operator, respectively. Note that R and R̃ will stand for curvature tensor of M and En, respectively.

For any tangent vector fields X, Y, Z on M the Codazzi equation (R̃(X, Y )Z)⊥ = 0 and the Gauss 
equation (R̃(X, Y )Z)T = 0 take the form

(∇̄Xh)(Y,Z) = (∇̄Y h)(X,Z) (7)

and

R(X,Y )Z = Ah(Y,Z)X −Ah(X,Z)Y, (8)

respectively, where (∇̄Xh)(Y, Z) is defined by

(∇̄Xh)(Y,Z) = ∇⊥
Xh(Y,Z) − h(∇XY,Z) − h(Y,∇XZ).

The Ricci equation (R̃(X, Y )ξ)⊥ = 0 takes the form

RD(X,Y )ξ = h(X,AξY ) − h(AξX,Y ) (9)

whenever X, Y are tangent and ξ is normal to M .

3. Biconservative PNMCV surfaces in E4

In this section, we would like to obtain complete local classification of biconservative surfaces with parallel 
normalized mean curvature vector in the Euclidean 4-space E4.

First we would like to obtain shape operators and Levi-Civita connection of a biconservative PNMCV 
surface in E4.

For simplicity, we’ll assume that all surfaces are oriented.

Lemma 3.1. Let (M, g) be an abstract surface. Then, M admits a proper-PNMCV biconservative isometric 
immersion into E4 if and only if there exists an orthonormal frame field {e1, e2; e3, e4} such that

(1) The Levi-Civita connection ∇ of M and normal connection ∇⊥ of ψ satisfy

∇e1e1 = ∇e1e2 = 0, (10a)

∇e2e1 = −3e1(f)
4f e2, ∇e2e2 = 3e1(f)

4f e1, (10b)

∇⊥e3 = ∇⊥e4 = 0. (10c)

(2) Shape operators along e3 and e4 have matrix representations given by

A3 =
(
−f 0
0 3f

)
, A4 =

(
cf3/2 0

0 −cf3/2

)
(11)

for a non-negative constant c and a smooth non-vanishing function f such that e1(f) �= 0 and e2(f) = 0.
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Proof. Let the mean curvature vector of ψ be H and 〈H, H〉 = f2. In order to prove the necessary condition, 
we assume that ψ is biconservative and H is parallel. We choose the frame field {e3, e4} of the normal bundle 
of M with e3 = H

f . Note that (6) is satisfied for m = 2. On the other hand, by the assumption e3 is parallel. 
e4 is also parallel because the co-dimension of M is 2. Therefore, we have

∇⊥
Xe3 = ∇⊥

Xe4 = 0

for any tangent vector field X which yields (10c). As H is proportional to e3, we have

1
2trA3 = f and trA4 = 0. (12)

Let {e1, e2} be a frame field of the tangent bundle of M so that A3 = diag(h3
11, h

3
22). Then, because 

of (6), we may assume e1 = ∇f/ ‖∇f‖ and h3
11 = −f . We will prove that the frame field {e1, e2; e3, e4}

satisfies the other conditions given in the lemma.
The first equation in (12) implies h3

22 = 3f . Since e3 is parallel, the Ricci equation (9) for X = e1, Y = e2
and ξ = e3 yields

4fh(e1, e2) = 0.

Therefore, we have 〈A4(e1), e2〉 = 0. This equation and the second equation in (12) imply

Ae3 =
(
−f 0
0 3f

)
, and Ae4 =

(
λ 0
0 −λ

)

for a smooth function λ.
By using Codazzi equation (7) for X = e1, Y = Z = e2, we obtain

e1(λ) = −2λω12(e2) and e1(f) = −4f
3 ω12(e2) (13)

which imply

2fe1(λ) = 3λe1(f). (14)

The Codazzi equation (7) for X = e2, Y = Z = e1 gives

ω12(e1) = 0, e2(λ) = 0. (15)

By integrating equation (14) and considering (15), we have λ = cf3/2 for some constant c. By replacing e4
with −e4 if necessary, we may assume c ≥ 0. Moreover, since e1 is proportional to ∇f , f satisfies e2(f) = 0
and e1(f) �= 0. Therefore, we have the condition (1) of the lemma. On the other hand, the second equation 
in (13) and the first equation in (15) give the condition (2) of the lemma. Hence, we completed the proof of 
the necessary condition.

Converse immediately follows from (10c) and (11). �
Remark 3.2. If the conditions given in Lemma 3.1 are satisfied for c = 0, then we have A4 = 0 which implies 
∇̃Xe4 = 0 whenever X is tangent to M . Thus, e4 is a constant vector which yields that M is a surface 
lying in E3. The study of biconservative and biharmonic surfaces in E3 are completed in [16] and [4,17], 
respectively.
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By considering Lemma 3.1, we have the following non-existence result

Corollary 3.3. There exists no biharmonic PNMCV surface in E4.

Proof. Assume that there exists a biharmonic PNMCV surface in E4. Then, M is a biconservative surface 
satisfying (3). By considering condition (2) of Lemma 3.1, we compute the left-hand side of (3) to obtain

trαψ(AH(·), ·) − Δ⊥H + tr (R̃(·, H)·)⊥ =(10f3e3 − 4cf7/2e4) − (Δfe3) + 0

=(10f3 − Δf)e3 − 4cf7/2e4.
(16)

By combining (3) and (16) we obtain c = 0. Thus, Remark 3.2 implies that M is a biharmonic surface lying 
in E3. Therefore, M is minimal which yields a contradiction. �

As an immediate consequence of Lemma 3.1, we would like to state the following corollary.

Corollary 3.4. If the surface M admits a biconservative PNMCV immersion into E4, then the Gaussian 
curvature K of M and the mean curvature f of ψ satisfy K = −3f2 − c2f3 for a constant c ≥ 0.

By considering Lemma 3.1 and Corollary 3.4, we obtain the following rigidity result.

Proposition 3.5. If the surface M admits two proper biconservative PNMCV immersions into E4, then these 
immersions differ by an isometry of E4.

Proof. Assume that ψ1 : M → E
4 and ψ2 : M → E

4 are proper biconservative PNMCV immersions. 
Let iT⊥M , iH and i∇⊥ denote the normal bundle, the mean curvature and the normal connection of ψi, 
respectively and fi = 〈iH, iH〉1/2, for i = 1, 2.

By Corollary 3.4, the Gaussian curvature K of M satisfies

−K = 3f2
1 + c2f3

1 = 3f2
2 + c̃2f3

2 (17)

for some non-negative constants c, ̃c. Thus, we have XK = (−6f1 − 3c2f2
1 )X(f1) = (−6f2 − 3c̃2f2

1 )X(f2)
whenever X is tangent to M which implies

gradfi
‖gradfi‖

= − gradK
‖gradK‖ , i = 1, 2.

Therefore, the tangent vector fields e1, e2 described in Lemma 3.1 do not depend on the biconservative 
immersion but only the surface M .

Let {e1, e2; ie3, ie4} denote the frame field corresponding to ψi described in Lemma 3.1. Then we have 
e2(fi) = 0. Moreover, (10b) implies

∇e2e1 = −3e1(f1)
4f1

e2 = −3e1(f2)
4f2

e2

which gives f1 = ζf2 for a function ζ satisfying e1(ζ) = 0, ζ > 0. Since e2(fi) = 0, ζ is a constant. 
Furthermore, considering (17) implies ζ = 1 and c = c̃. Thus we have f1 = f2. Therefore, the shape 
operators Aie3 and Aie4 satisfy

A1e3 = A2e3 and A1e4 = A2e4 . (18)



R. Yeğin Şen, N.C. Turgay / J. Math. Anal. Appl. 460 (2018) 565–581 571
Now, consider the vector bundle isomorphism Ψ : T⊥
1 M → T⊥

2 M given by Ψ(1H) = 2H and Ψ(1e4) = 2e4. 
Then, since f1 = f2, we have

〈Ψ(1eα),Ψ(1eβ)〉 = 〈2eα, 2eβ〉, α, β = 3, 4

and (18) implies

Ψ ◦ αψ1 = αψ2 .

Moreover, since ψ1 and ψ2 are PNMCV, we have

Ψ ◦
(1∇⊥eα

)
= 0 = 2∇⊥(Ψ(1eα)), α = 3, 4.

Hence, by the fundamental theorem of submanifolds, there exists an isometry Ψ̃ of R4 such that Ψ̃◦ψ1 = ψ2
(see [7, Theorem 1.1 at pg. 7]). �

Let M be a PNMCV surface in E4, f its mean curvature and m ∈ M with f(m) �= 0 and (grad f)(m) �= 0. 
Next, by using Lemma 3.1, we would like to construct a local coordinate system on a PNMCV biconservative 
surface M in E4 on a neighborhood of m ∈ M .

Lemma 3.6. Let M be a proper-PNMCV biconservative surface. Then, around any point of M , there exists 
a local coordinate system (s, t) such that

f = f(s), e1 = ∂

∂s
and e2 = f(s)3/4 ∂

∂t

Proof. Let {e1, e2; e3, e4} be a local orthornormal frame field given in Lemma 3.1. Because of ∇e1e2 = 0,
∇e2e1 = −3e1(f)

4f e2, we have [e1, e2] = 3e1(f)
4f e2 which gives [e1, Ee2] = 0 for any function E satisfying

e1(E) = −3e1(f)
4f E. (19)

Thus, there exists a local coordinate system (s, t) such that e1 = ∂
∂s and Ee2 = ∂

∂t .
Moreover, e2(f) = 0 which yields f = f(s) and because of (19) we can choose E as E = f(s)−3/4. �

Corollary 3.7. Let M be a proper-PNMCV biconservative surface in E4. Then, the mean curvature of M
satisfies the following ordinary differential equation

9f ′(s)2

16f(s)7/2
+ c2f(s)3/2 + 9f(s)1/2 = c22 (20)

for a positive constant c2, where s is the local coordinate given in Lemma 3.6.

Proof. Consider a local orthonormal frame field {e1, e2; e3, e4} given in Lemma 3.1 and local coordinate 
system (s, t) given in Lemma 3.6. Note that the Gauss equation (8) for X = Z = ∂s and Y = ∂t gives

f(s)f ′′(s) − 7
4f

′(s)2 + 4f(s)4 + 4
3c

2f(s)5 = 0.

By multiplying this equation with 9f ′(s)
8f(s)9/2 and integrating the equation obtained, we get (20) for a constant 

c2 which can be assumed to be positive. �
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Lemma 3.8. Let M be a proper biconservative PNMCV surface in E4, where f is the mean curvature of M
in E4 and e1 = ∇f

‖∇f‖ . Then,

(a) An integral curve of e1 lies on a 3-dimensional hyperplane of E4.
(b) The curvature and torsion of an integral curve of e1 are

κ(s) = f(s)
√

1 + c2f(s), (21a)

τ(s) = cf ′(s)
2
√

f(s)(1 + c2f(s))
. (21b)

(c) Any two integral curves of e1 are congruent.

Proof. Let {e1, e2; e3, e4} be the local orthonormal frame on M given by Lemma 3.1 and we suppose that γ
is an integral curve of e1 and it is parametrized by γ(s) = x(s, t0). Let T = γ′ be tangent of M and consider 
the Frenet frame 

{
T (s), N(s), B(s), B̃(s)

}
of the curve γ on M with the Frenet formulas

dT

ds
= κN,

dN

ds
= −κT + τB,

dB

ds
= −τN + τ2B̃, (22)

dB̃

ds
= −τ2B,

where κ, τ and τ2 are curvatures of γ.
We proceed to compute the curvature and torsion of an integral curve γ of e1. By combining (11) with 

Gauss formula and considering Weingarten formula we obtain

∇̃T (s)T (s) = −f(s)e3(s) + cf(s)3/2e4(s), (23)

∇̃e1e3 = e′3(s) = f(s)T (24)

and

∇̃e1e4 = e′4(s) = −cf(s)3/2T, (25)

where e3(s), e4(s) are restrictions of e3 and e4 to γ.
By combining (22) with (23), we get (21a) and

N(s) = 1
κ

dT

ds
= −1√

1 + c2f(s)
e3(s) + c

√
f(s)

1 + c2f(s)e4(s). (26)

By differentiation of (26) with respect to e1 and using (24), (25), we obtain

dN

ds
= c2f ′(s)

2(1 + c2f(s))3/2
e3(s) + cf ′(s)

2
√
f(s)(1 + c2f(s))3/2

e4(s) − κT. (27)

By combining equations (21a), (22) and (27), we obtain the torsion τ of γ as given in (21b) and
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B(s) =
c
√

f(s)√
1 + c2f(s)

e3(s) + 1√
1 + c2f(s)

e4(s). (28)

By applying e1 to the equation (28) and using (24), (25), we obtain

dB

ds
= τN(s),

which yields that τ2 = 0. Hence, we have the part (a) and part (b) of the lemma.
Now, we want to show part (c) of the lemma. Let m1, m2 ∈ M lie on the same integral curve of e2. 

Consider the local coordinate system (s, t) given in Lemma 3.6. Note that e2(f) = 0 and ∇e1e2 = 0 yields 
e2(e1(f)) = 0 which implies e1(f) = f ′(s). Therefore, because of (21), any integral curves γ1 and γ2 of e1
have the same curvature and torsion functions. Hence, they are congruent to each other. �

Now, we are ready to get main classification theorem.

Theorem 3.9. Let M be a proper-PNMCV biconservative surface in E4. Then, locally, it is congruent to the 
rotational surface

x(s, t) = (α1(s) cos t, α1(s) sin t, α2(s), α3(s)) (29)

with arc-length parametrized smooth profile curve α(s) = (α1(s), α2(s), α3(s)),

α1(s) = 1
c2f(s)3/4

whose curvature and torsion are given by (21).

Proof. We consider a local orthonormal frame field {e1, e2; e3, e4} given in Lemma 3.1 with

e1 = ∂

∂s
and e2 = f(s)3/4 ∂

∂t
,

where (s, t) is local coordinate system give in Lemma 3.6. Note that we also have f = f(s) which satisfies 
(20) for a constant c2 because of Corollary 3.7. Moreover, the induced metric of M is

g = ds⊗ ds + 1
f(s)3/2

dt⊗ dt. (30)

By combining (10b) with (11), we have

∇̃∂t
∂s = −3f ′

4f ∂t, (31a)

∇̃e2e2 = 3f ′

4f ∂s + 3fe3 − cf3/2e4, (31b)

∇̃∂t
e3 = −3f∂t, (31c)

∇̃∂t
e4 = cf3/2∂t. (31d)

Let x : M → E
4 be an isometric immersion. Then, (31a) becomes

xts = −3f ′
xt.
4f
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By solving this equation, we get

x(s, t) = f(s)−3/4Θ(t) + Γ(s) (32)

for some E4-valued smooth functions Θ, Γ.
By combining (32) with (31b), we obtain

f(s)3/4Θ′′(t) + 9f ′(s)2

16f(s)11/4
Θ(t) − 3f ′(s)

4f(s) Γ′(s) − 3f(s)e3 + cf(s)3/2e4 = 0.

By applying ∂t to this equation and using (31a), (31c) and (31d) we obtain

Θ′′′(t) +
(

9f ′(s)2

16f(s)7/2
+ c2f(s)3/2 + 9f(s)1/2

)
Θ′(t) = 0.

By combining this equation with (20), we get

Θ′′′(t) + c22Θ′(t) = 0.

Thus, Θ has the form Θ(t) = cos(c2t)A1 + sin(c2t)A2 +A3 for some constant vectors A1, A2, A3. Therefore, 
(32) becomes

x(s, t) = f(s)−3/4 cos(c2t)A1 + f(s)−3/4 sin(c2t)A2 + f(s)−3/4A3 + Γ(s). (33)

By considering (30), we obtain

〈A3, A3〉 = a2
3, 〈A2, A2〉 = 〈A1, A1〉 = 1

c22
,

〈Ai, Aj〉 = 〈Γ′(s), A2〉 = 〈Γ′(s), A1〉 = 0, if i �= j

and

〈Γ′(s),Γ′(s)〉 − 3f ′(s)
2f(s)7/4

〈A3,Γ′(s)〉 + 9f ′(s)2

16f(s)7/2

(
a2
3 + 1

c22

)
= 1

for a non-zero constant a1. Therefore, up to a suitable isometry of E4, we may assume

A3 = (0, 0, a1, 0) ,

A2 =
(

0, 1
c2

, 0, 0
)
,

A1 =
(

1
c2

, 0, 0, 0
)
,

Γ(s) =
(

0, 0, α2(s) −
a1

f(s)3/4
, α3(s)

)
(34)

for some smooth functions α2, α3. Hence, (33) gives (29) after re-defining t properly. Since t = const. is an 
integral curve of e1, Lemma 3.8 implies that the curvature and torsion of the curve

α(s) =
(

1
c2f(s)3/4

, α2(s), α3(s)
)

(35)

are the functions κ and τ given in (21). �
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In order to determine all curves satisfying the properties given in Theorem 3.9, we obtain the following 
proposition.

Proposition 3.10. Let f : (a, b) → R be a positive smooth function with non-vanishing derivative and assume 

that it satisfies (20) for a positive constant c2. Then, an arc-length parametrized curve α =
(

1
c2f3/4 , α2, α3

)
with curvature κ (21a) has the form

α(s) =

⎛⎝ 1
c2f(s)3/4

,
1
c2

s∫
s0

(c2f(ξ)3/2 + 9f(ξ)1/2)1/2 cos(θ(ξ))dξ ,

1
c2

s∫
s0

(c2f(ξ)3/2 + 9f(ξ)1/2)1/2 sin(θ(ξ))dξ

⎞⎠ ,

(36)

where θ is the function given by

θ′(s) = 2cc2f(s)5/4

c2f(s) + 9 . (37)

Conversely, the curve given by (36) has curvature κ and torsion τ given by (21).

Proof. Let f be a positive function satisfying (20) which is equivalent to

f ′(s) = 4
3ε

√
−c2f(s)5 + c22f(s)7/2 − 9f(s)4 (38)

for a constant ε ∈ {−1, 1}. Since α is parametrized by its arc-length, we have α′
1(s)2 +α′

2(s)2 +α′
3(s)2 = 1, 

where α1 = 1
c2f3/4 . By a direct computation considering this equation and (38), we get the condition

α′
2(s)2 + α′

3(s)2 =
(
c2f(s)3/2 + 9f(s)1/2

)
c22

.

Therefore, we have (36) for a smooth function θ. Next, we use the condition κ(s) = 〈T ′(s), T ′(s)〉1/2 to 
obtain (37). The remaining part of the proof follows from a further direct computation. �

Next, we obtain the converse of the above theorem.

Theorem 3.11. Let M be the simple rotational surface in E4 given by (29) with arc-length parametrized smooth 
profile curve described in Proposition 3.10. Then, M is a PNMCV biconservative surface. Furthermore, its 
mean curvature is f .

Proof. Consider the curve α = (α1, α2, α3) with α1 = 1
c2f(s)3/4 described in Proposition 3.10. Recall that 

its curvature κ and torsion τ given by (21). Let t = (t1, t2, t3), n = (n1, n2, n3), b = (b1, b2, b3) be the unit 
tangent, unit normal and unit binormal of α. Note that we have

t1 = α′
1 = −ε

√
−c2f(s)5 + c22f(s)7/2 − 9f(s)4

c2f(s)7/4
, (39a)

n1 = t′1
κ

=
f(s)1/4

(
c2f(s) + 3

)
c2
√
c2f(s) + 1

, (39b)

b1 = − 2cf(s)3/4√
2

. (39c)

c2 c f(s) + 1
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Now, let M be the simple rotational surface in E4 given by (29) with profile curve α. Consider the local 
orthonormal frame field {e1, e2, ̂e3, ̂e4} on M given by

e1 = ∂

∂s
, e2 = 1

α(s)
∂

∂t
,

ê3 = (n1(s) cos t, n1(s) sin t, n2(s), n3(s)) ,

ê4 = (b1(s) cos t, b1(s) sin t, b2(s), b3(s)) .

By a direct computation considering (39), one can obtain (10a), (10b) and

Aê3 =
(
f(s)

√
c2f(s) + 1 0
0 − f(s)

(
c2f(s)+3

)√
c2f(s)+1

)
, Aê4 =

(
0 0
0 2cf(s)3/2√

c2f(s)+1

)
. (40)

Furthermore, the normal connection of M satisfies

∇⊥
e2 ê3 =0,

∇⊥
e1 ê3 =2cε

√
c22f(s)5/2 − f(s)3 (c2f(s) + 9)

3c2f(s) + 3 ê4.
(41)

Note that the mean curvature vector of M is

H = − f(s)√
c2f(s) + 1

ê3 + cf(s)3/2√
c2f(s) + 1

ê4

which yields that the mean curvature of M is H = f . Thus, the normalized mean curvature vector of M is

e3 = − 1√
c2f(s) + 1

ê3 + cf(s)1/2√
c2f(s) + 1

ê4 (42)

and we put

e4 = cf(s)1/2√
c2f(s) + 1

ê3 + 1√
c2f(s) + 1

ê4 (43)

(40), (42) and (43) give (11). Furthermore, (10c) follows from a direct computation considering (38), (41)
and (42). Thus, M is a PNMCV surface and the orthonormal frame field {e1, e2; e3, e4} satisfies conditions 
of Lemma 3.1 which yields that M is biconservative. �

Now let (M, g) be the biconservative rotational surface in given by (29) in E4 with arc-length parametrized 
smooth profile curve described in Proposition 3.10 for a function θ satisfying (37). Define

ζ1(f) = 3
4c2

f∫
f0

(
c2ξ3/2 + 9ξ1/2

−c2ξ5 + c22ξ
7/2 − 9ξ4

)1/2

cos θ̃(ξ)dξ,

ζ2(f) = 3
4c2

f∫
f0

(
c2ξ3/2 + 9ξ1/2

−c2ξ5 + c22ξ
7/2 − 9ξ4

)1/2

sin θ̃(ξ)dξ,

θ̃(f) =
f∫ 3cc2ξ5/4

2(c2ξ + 9)
√
−c2ξ5 + c22ξ

7/2 − 9ξ4
dξ,
f0
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where f0 = f(s0). Then, a parametrization of M is

x̃(f, t) = 1
c2

(
1

f3/4 cos t, 1
f3/4 sin t, ζ1(f), ζ2(f)

)
, (44)

where x̃ is defined on an open subset of (0, ∞) ×R to be explained. Note that for the parametrization given 
by (44), we have

〈x̃f , x̃f 〉 = Ec,c2(f), 〈x̃f , x̃t〉 = 0, 〈x̃t, x̃t〉 = G(f),

where

Ec,c2(f) = 9
16(−c2f5 + c22f

7/2 − 9f4)
, (45)

Gc2(f) = 1
c22f

3/2 (46)

By a simple computation, we also see that Ec,c2(f) > 0 if and only if f ∈ (0, δc,c2), where δc,c2 ∈ (0, c4/32 c−4/3)
is the only positive root of

−c2δ3/2 + c22 − 9δ1/2 = 0. (47)

Hence, we have

Proposition 3.12. Let (M, g) be a surface. If M admits a biconservative PNMCV isometric immersion into 
E

4, then it is isometric to

(
Dc,c2 , gc,c2 = Ec,c2(f)df2 + Gc2(f)dt2

)
(48)

for some positive constants c, c2, where Ec,c2 , G are functions defined in (45), (46) and Dc,c2 = (0, δc,c2) ×R

for the positive root δc,c2 of (47).

By the next theorem, we prove that we get a 2-parameter family of proper-PNMCV biconservative 
surfaces in E4 by (29).

Theorem 3.13. Let (Dc,c2 , gc,c2) and (Dc̃,c̃2 , gc̃,c̃2) denote the surfaces described in Proposition 3.12 for some 
non-negative constants c, ̃c and positive constants c2, ̃c2. Then, the surfaces (Dc,c2 , gc,c2) and (Dc̃,c̃2 , gc̃,c̃2)
are isometric if and only if c = c̃ and c2 = c̃2.

Proof. In the proof this theorem, we use the notation g = gc,c2 = Ec,c2(f)df2 + Gc2dt
2, g̃ = gc̃,c̃2 =

Ec̃,c̃2(f̃)df̃2 + Gc̃2(f̃)dt̃2. We also put

∂

∂f

∣∣∣∣
(f,t)

= ∂f ,
∂

∂t

∣∣∣∣
(f,t)

= ∂t,
∂

∂f̃

∣∣∣∣
Φ(f,t)

= ∂f̃ ,
∂

∂t̃

∣∣∣∣
Φ(f,t)

= ∂t̃

for a (f, t) ∈ Dc,c2 .
By a direct computation, we obtain the Gaussian curvature of (Dc,c2 , g) and (Dc̃,c̃2 , g̃) as

K(f, t) = −f2 − c2f3 and K̃(f̃ , t̃) = −f̃2 − c̃2f̃3, (49)
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respectively. In order to prove necessary condition, let Φ = (Φ1, Φ2) : (Dc,c2 , g) → (Dc̃,c̃2 , g̃) be an isometry. 
Then we have K̃(Φ1(f, t), Φ2(f, t)) = K(f, t) which is equivalent to

f2 + c2f3 = Φ2
1 + c̃2Φ3

1 (50)

which implies Φ1(f, t) = Φ1(f). Therefore, we have

dΦ(f,t) (∂f ) = Φ′
1(f)∂f̃ + ∂Φ2(f, t)

∂f
∂t̃

and

dΦ(f,t) (∂t) = ∂Φ2(f, t)
∂t

∂t̃,

where dΦ(f,t) : T(f,t)Dc,c2 → TΦ(f,t)Dc̃,c̃2 stands for the differential of Φ at (f, t).
From the equations g̃Φ(f,t)

(
dΦ(f,t) (∂f ) , dΦ(f,t) (∂t)

)
= g(f,t) (∂f , ∂t) = 0 and g̃Φ(f,t)(dΦ(f,t)(∂t),

dΦ(f,t)(∂t)) = g(f,t)(∂t, ∂t) we obtained

∂Φ2(f, t)
∂f

∂Φ2(f, t)
∂t

Gc̃2(Φ1(f)) = 0, (51)(
∂Φ2(f, t)

∂t

)2

Gc̃2(Φ1(f)) = Gc2(f). (52)

Now, (52) yields ∂Φ2(f,t)
∂t �= 0. Thus, from (51) we get ∂Φ2(f,t)

∂f = 0 from which we have Φ2(f, t) = Φ2(t). 
Therefore, (52) implies

(Φ′
2(t))

2 = Gc2(f)
Gc̃2(Φ1(f)) = b̂ (53)

for a constant b̂ �= 0. Therefore, we have

φ1(f) = bf (54)

for a constant b which is positive because c2, ̃c2, f, Φ1(f) > 0.
Now, by combining (50) and (54), we get

(1 − b2)f2 + (c2 − c̃2b3)f3 = 0

from which we obtain Φ1(f) = f and c = c̃. By a further computation considering g̃Φ(f,t)(dΦ(f,t)(∂f ),
dΦ(f,t)(∂f )) = g(f,t)(∂f , ∂f ), we also obtain c2 = c̃2. Hence, the necessary condition is proved. The converse 
is obvious. �
4. Biconservative meridian surfaces in E4

In this section we study meridian surfaces in the Euclidean space E4. We get complete classification of 
biconservative meridian surfaces and construct biconservative surfaces with non-parallel normalize mean 
curvature vector.

Let α : I → S
2(1) be an arc-length parametrized smooth curve with (spherical) curvature κ and unit 

normal n, i : S2(1) → E
4 canonical inclusion and
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(i ◦ α)(u) = (α1(u), α2(u), α3(u)),

where I is an open interval. Note that the unit tangent vector t and n satisfies

α′ = t, (55)

t′ = κn− α, (56)

n′ = −κt. (57)

Consider the planar curve (f(v), v), v ∈ J for a smooth function f , where J is an open interval. Then the 
surface M in E4 given by

x(u, v) = (f(v)α1(u), f(v)α2(u), f(v)α3(u), v), u ∈ I, v ∈ J (58)

is said to be a meridian surface lies on a rotational hypersurface M3 in E4 obtained by α around the x4-axis 
in E4 [15].

Remark 4.1. It is well-know that the curve α becomes a circle with radius less than 1 if its (spherical) 
curvature κ is a non-zero constant. In this case, M becomes a rotational surface with profile curve lying in 
a 2-plane of E4. More precisely, in this case, M is congruent to the surface given by

x(u, v) = (af(v) cosu, af(v) sin u, bf(v), v) (59)

for some positive constants a, b with a2 + b2 = 1. Moreover, if κ ≡ 0 on I, then M is congruent to (59) with 
a = 1, b = 0. In this case, M is a rotational surface in E3. In [16], it is proved that the only biconservative 
surfaces in E3 are rotational ones. Furthermore, the profile curve of a biconservative rotational surface in 
E

3 is obtained. Therefore, after this point we assume that κ does not vanish on I.

The tangent space of M given by (58) is spanned by the vector fields

e1 = 1
E1/2 ∂v, e2 = 1

f(v)∂u, (60)

where we put

E = E(v) = 1 + f ′(v)2.

Moreover, the normal vector fields

e3 = 1
E1/2 (−α1(u),−α2(u),−α3(u), f ′(v)) ,

e4 =(n(u), 0)
(61)

form an orthonormal frame field for the normal bundle of M .
By a direct computation, we observe that e3 and e4 are parallel. Furthermore, the matrix representation 

of the shape operators of M are

Ae3 =

⎛⎝− f ′′(v)
E3/2 0

0 1
1/2

⎞⎠ , Ae4 =
(

0 0
0 κ(u)

f(v)

)
. (62)
E f(v)



580 R. Yeğin Şen, N.C. Turgay / J. Math. Anal. Appl. 460 (2018) 565–581
Thus, the mean curvature vector field H is

H = −f(v)f ′′(v) + E

2f(v)E3/2 e3 + κ(u)
2f(v)e4. (63)

By considering (63), we obtain

2 grad ‖H‖2 =E−9/2f(v)−3
(
−E3f ′(v)

(
κ(u)2E + 1

)
− 3f(v)3f ′(v)f ′′(v)3

+ Ef(v)2
(
4f ′(v)f ′′(v)2 + f ′′′(v) (f(v)f ′′(v) − E)

) )
e1

+ κ(u)κ′(u)
f(v)3 e2

(64)

and

trA∇⊥
· H(·) =E−9/2f(v)−2f ′′(v)

2

(
Ef(v)2f ′′′(v) + f ′(v)

(
E2 − 3f(v)2f ′′(v)2

+Ef(v)f ′′(v))
)
e1 + κ(u)κ′(u)

2f(v)3 e2.

(65)

Now, assume that M is a biconservative meridian surface M lying in E4. Then, (2) is satisfied for m = 2
and we have R̃ = 0 because the ambient space E4. By combining (2) with (64) and (65), we obtain

−E3f ′(v)
(
Eκ(u)2 + 1

)
+ 2E2f(v)f ′(v)f ′′(v) − 9f(v)3f ′(v)f ′′(v)3

+6Ef(v)2f ′(v)f ′′(v)2 − Ef(v)2f ′′′(v) (E − 3f(v)f ′′(v)) = 0

and

κ(u)κ′(u) = 0. (66)

From (66) we see that κ is constant. Therefore, Remark 4.1 implies that M is a rotational surface. By 
considering κ(u) = κ0, we obtain the following theorem.

Theorem 4.2. A meridian surface M in E4 is biconservative if and only if it is congruent to the rotational 
surface given by

x(u, v) = (af(v) cosu, af(v) sin u, bf(v), v) (67)

for some positive constants a, b with a2 + b2 = 1 and a smooth function f satisfying

f ′(v)(f ′(v)2 + 1)3
(
κ2

0
(
f ′(v)2 + 1

)
+ 1

)
− 2f(v)f ′(v)

(
f ′(v)2 + 1

)2
f ′′(v)

+ 9f(v)3f ′(v)f ′′(v)3 − 6f(v)2f ′(v)
(
f ′(v)2 + 1

)
f ′′(v)2

+ f(v)2f ′′′(v)
(
f ′(v)2 + 1

) (
−3f(v)f ′′(v) + f ′(v)2 + 1

)
= 0,

(68)

where κ0 = b/a.
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