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1. Introduction

Let (M™,g) and (N™,§) be some Riemannian manifolds. Then, the bi-energy functional is defined by
1 2
o) = 5 [ Irw) o,
M

whenever ¢ : M — N is a smooth mapping, where 7(¢)) denotes the tension field of .

A mapping ¢ : M — N is said to be biharmonic if it is a critical point of Ey. In [18], it was proved
that the mapping 1 is biharmonic if and only if it satisfies the Euler-Lagrange equation associated with
bi-energy functional given by

m2(¥) =0, (1)

where 7, is the bitension field defined by 75(1)) = A7 (¥) — trR(dv, 7(1)))de and A is the Rough-Laplacian
(see also [19]).
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Biharmonic isometric immersions have cough a particular interest of many geometers ([5,9,12,16,17,21,
22]). When ¢ is an isometric immersion, by considering tangential and normal components of 72(¢), one
can obtain the following proposition (see for example [9,22]).

Proposition 1.1. Let ¢ : M™ — N™ be an isometric immersion between two Riemannian manifolds. Then,
¥ is biharmonic if and only if the equations

mgrad | H||> + 4trAg . (-) + 4tr(R(-, H))T =0 (2)
and
tray(Ag(-),") — AYH 4+ tr (R(-, H)-): =0 (3)

are satisfied, where A, H and oy denote the shape operator, the mean curvature vector and second funda-
mental form of v, V* is the normal connection of M and A+ is the Laplacian associated with V+.

From Proposition 1.1, one can see that an isometric immersion x : M — N is biharmonic if its mean
curvature vector field H vanishes identically. In [4], Bang-Yen Chen conjectured that the converse of this
statement is also true if the ambient space is Euclidean. Chen’s biharmonic conjecture has been verified in
a lot of particular cases so far (see for example [5,6,8,12,16,21]). However, the conjecture is still open.

On the other hand, a mapping ¢ : M — N satisfying the condition

(T2(¢), dip) = 0, (4)

that is weaker than (1), is said to be biconservative. In particular, if ¢ = x is an isometric immersion, then
(4) is equivalent to

TQ(X)T = 07

where 75(x)T denotes the tangential part of 7o(x). In this case, M is said to be a biconservative submanifold
of N. Before we proceed, we would like to note that one can conclude the following well-known proposition,
by considering Proposition 1.1 (see for example [1,9]).

Proposition 1.2. Let x : M™ — N™ be an isometric immersion between two Riemannian manifolds. Then,
x s biconservative if and only if the equation (2) is satisfied.

In order to understand geometry of biharmonic submanifolds, biconservative immersions have been
studied in many papers so far. For example, the complete classification of biconservative hypersurfaces
in Euclidean spaces with three distinct principle curvatures is obtained by the second named author in [25].
Later, this study moved into pseudo-Euclidean spaces in [14,26].

On the other hand, classification results on biconservative surfaces in 3-dimensional space-forms have
been appeared in some papers. In [16], Hasanis and Vlachos proved that a biconservative surface with non-
constant mean curvature in the Euclidean 3-space E3 is necessarily congruent to a rotational surface with an
appropriately chosen profile curve. Later, Yu Fu obtained a classification result on biconservative surfaces in
the Minkowski 3-space E$, [11]. Further, biconservative surfaces in the 3-dimensional Lorentzian space forms
were studied in [13]. In [23], Montaldo et al. obtained the complete classification of biconservative surfaces
with constant mean curvature in the 4-dimensional Riemannian space-forms. The complete classification
of surfaces with parallel mean curvature vector in product spaces S x R and H™ x R appeared in [10].
Most recently, the general properties of biconservative surfaces in arbitrary manifolds, and in particular the
properties of biconservative surfaces with constant mean curvature were studied in [24].
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In this paper, we obtain new results on biconservative surfaces in the Euclidean 4-space. In Sect. 2, after
we describe the notation that we will use, we give basic facts on biconservative submanifolds. In Sect. 3,
we give complete classification of biconservative surfaces in Euclidean spaces with parallel normalized mean
curvature vector field. Then, in Sect. 4, we get complete classification of biconservative meridian surfaces
and construct a family of biconservative surfaces with flat normal bundle and non-parallel normalized mean
curvature vector.

2. Biconservative submanifolds in Euclidean spaces

Let E™ denote the Euclidean n-space with the canonical positive definite Euclidean metric tensor given
by

g={(, )= da,
=1

where (1, 22,...,z,) is a rectangular coordinate system in E™ and V stands for its Levi-Civita connection.
Consider an m-dimensional submanifold M of E™. Let ¢ : M — E™ be an isometric immersion and let V+
denote its normal connection. A normal vector field £ is called parallel if V¢ = 0 whenever X is tangent
to M.

On the other hand, the mean curvature vector field H of v is defined by

1
H = Steh(-, ) (5)
and the mean curvature (function) is given by
f=(H,H)"?,

where h = o is the second fundamental form of . M is called minimal if f vanishes identically.

Assume that M is not minimal, i.e., f > 0. If the unit normal vector field H/f is parallel, then M is
called a parallel normalized mean curvature vector field submanifold, i.e., M is a PNMCV submanifold. It
is obvious that PNMCV submanifolds generalize non-minimal submanifolds with parallel mean curvature
vector. Further, a PNMCV submanifold has parallel mean curvature vector if and only if it has constant
mean curvature which is equivalent to being constant of f. It is possible to find examples of PNMCV
submanifolds with non-constant mean curvature (see for example [3,20]). Before we proceed we would like
to note that a PNMCV surface M in the Euclidean space E™ has flat normal bundle (see [2, Proposition 1.1,
pg. 99]).

Since the curvature tensor R of E" vanishes identically, the following proposition is obtained immediately
from (2).

Proposition 2.1. Let M be an m-dimensional PNMCYV submanifold of the Euclidean space E™ and v : M —
E™ an isometric immersion. Then, v is biconservative if and only if

A7n+1 (gradf) = _mngradf7 (6)

where em,t1 = % and Am+1 is the shape operator corresponding to €m41.

Remark 2.2. If the mean curvature vector H is parallel, then (6) is satisfied trivially. Therefore, after this
point by a proper-PNMCYV biconservative surface, we will mean a surface admitting a PNMCV biconserva-
tive immersion into E* whose mean curvature and its gradient is nowhere vanishing.
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2.1. Basic equations in the theory of surfaces of E™
Let M be a surface in E”, V, h and A denote i~ts the Levi-Civita connection, second fundamental form and
shape operator, respectively. Note that R and R will stand for curvature tensor of M and E™, respectively.
For any tangent vector fields X,Y,Z on M the Codazzi equation (R(X,Y)Z)* = 0 and the Gauss
equation (R(X,Y)Z)" = 0 take the form
(Vxh)(Y,Z) = (Vyh)(X, Z) (7)
and
R(X,Y)Z = Apyv,2)X — Anx,2)Y, (8)
respectively, where (Vxh)(Y, Z) is defined by
(Vxh)(Y,Z) =Vxh(Y,Z) - h(VxY,Z) - h(Y,VxZ).
The Ricci equation (R(X,Y)€) = 0 takes the form
RP(X, V)€ = h(X,AcY) — h(A:X,Y) (9)
whenever XY are tangent and £ is normal to M.

3. Biconservative PNMCYV surfaces in E4

In this section, we would like to obtain complete local classification of biconservative surfaces with parallel
normalized mean curvature vector in the Euclidean 4-space E*.

First we would like to obtain shape operators and Levi-Civita connection of a biconservative PNMCV
surface in E4.

For simplicity, we’ll assume that all surfaces are oriented.

Lemma 3.1. Let (M, g) be an abstract surface. Then, M admits a proper-PNMCV biconservative isometric
immersion into E* if and only if there exists an orthonormal frame field {ey, es;e3,e4} such that

(1) The Levi-Civita connection V of M and normal connection V+ of 1 satisfy

Velel = Vel € = 0, (10&)
—3e 3e

V5261 = %62, Vezeg = i;f) €1, (10b)

Vtes = Vie, =0. (10c)

(2) Shape operators along ez and ey have matriz representations given by

(-f 0 [ ef?? 0
A3—<O 3f>’ A4—< 0 cf3/2) (11)

for a non-negative constant ¢ and a smooth non-vanishing function f such that e1(f) # 0 and ea(f) = 0.
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Proof. Let the mean curvature vector of ¢ be H and (H, H) = f2. In order to prove the necessary condition,
we assume that v is biconservative and H is parallel. We choose the frame field {es, 4} of the normal bundle
of M with ez = % Note that (6) is satisfied for m = 2. On the other hand, by the assumption e3 is parallel.
e4 is also parallel because the co-dimension of M is 2. Therefore, we have

V§63 = VJ)}64 =0
for any tangent vector field X which yields (10c). As H is proportional to es, we have
1
§trA3 =f and trdy =0. (12)
Let {e1,es} be a frame field of the tangent bundle of M so that Az = diag(h3,,h35). Then, because
of (6), we may assume e; = Vf/||Vf|| and h3; = —f. We will prove that the frame field {e1,ea;e3,e4}
satisfies the other conditions given in the lemma.
The first equation in (12) implies h3, = 3f. Since e3 is parallel, the Ricci equation (9) for X = e1,Y = ey
and & = ez yields

4fh(61, 62) =0.

Therefore, we have (A4(e1),e2) = 0. This equation and the second equation in (12) imply

_(—=f 0 (A0
A63—<0 3f>’ and Ae4—<0 _)\>

By using Codazzi equation (7) for X =e1, Y = Z = eq, we obtain

for a smooth function \.

e1(A) = =2 wia(e2) and e (f) = %“fwlg(eg) (13)
which imply
2fer(N) = 3he(f). (14)
The Codazzi equation (7) for X = es, Y = Z = e gives
wiz(e1) =0, ex(A) =0. (15)

By integrating equation (14) and considering (15), we have A = ¢f3/2 for some constant c. By replacing ey
with —ey if necessary, we may assume ¢ > 0. Moreover, since ey is proportional to V f, f satisfies eo(f) =0
and e;(f) # 0. Therefore, we have the condition (1) of the lemma. On the other hand, the second equation
in (13) and the first equation in (15) give the condition (2) of the lemma. Hence, we completed the proof of
the necessary condition.

Converse immediately follows from (10c) and (11). O

Remark 3.2. If the conditions given in Lemma 3.1 are satisfied for ¢ = 0, then we have A4 = 0 which implies
v xeq = 0 whenever X is tangent to M. Thus, e4 is a constant vector which yields that M is a surface
lying in E3. The study of biconservative and biharmonic surfaces in E? are completed in [16] and [4,17],
respectively.
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By considering Lemma 3.1, we have the following non-existence result
Corollary 3.3. There exists no biharmonic PNMCYV surface in E*.

Proof. Assume that there exists a biharmonic PNMCV surface in E4. Then, M is a biconservative surface
satisfying (3). By considering condition (2) of Lemma 3.1, we compute the left-hand side of (3) to obtain

trag (A (), ) — AYH 4+ tr (R(-, H)-)* =(10f3e3 — 4cf/%eq) — (Afes) +0

=(10f3 — Af)es — dcf ™/ %ey. (16)

By combining (3) and (16) we obtain ¢ = 0. Thus, Remark 3.2 implies that M is a biharmonic surface lying
in E3. Therefore, M is minimal which yields a contradiction. O

As an immediate consequence of Lemma 3.1, we would like to state the following corollary.

Corollary 3.4. If the surface M admits a biconservative PNMCV immersion into E*, then the Gaussian
curvature K of M and the mean curvature f of ¢ satisfy K = —3f? — c2f3 for a constant ¢ > 0.

By considering Lemma 3.1 and Corollary 3.4, we obtain the following rigidity result.

Proposition 3.5. If the surface M admits two proper biconservative PNMCYV immersions into E*, then these
immersions differ by an isometry of E*.

Proof. Assume that ¢ : M — E* and 1o : M — E* are proper biconservative PNMCV immersions.
Let *T*M, "H and *V* denote the normal bundle, the mean curvature and the normal connection of ;,
respectively and f; = ("H,*H)/?, for i = 1,2.

By Corollary 3.4, the Gaussian curvature K of M satisfies

—K =3ff+Pf =3f+&f3 (17)

for some non-negative constants ¢, ¢. Thus, we have XK = (—6f1 — 3¢ f2) X (f1) = (=6f2 — 3¢ f2) X (f2)
whenever X is tangent to M which implies
grad f; grad K

= — 5 ’L = 1,2
grad f; | grad K ||

Therefore, the tangent vector fields ey, es described in Lemma 3.1 do not depend on the biconservative
immersion but only the surface M.

Let {e1,e2;%3, %4} denote the frame field corresponding to v; described in Lemma 3.1. Then we have
e2(f;) = 0. Moreover, (10b) implies

_ —3ea(fr)

Ve,e1 = €2

4f1

_ —3ei(f2)
4f

€2

which gives fi = (f2 for a function ¢ satisfying e;(¢{) = 0, ¢ > 0. Since ex(f;) = 0, ¢ is a constant.
Furthermore, considering (17) implies ¢ = 1 and ¢ = é Thus we have f; = fo. Therefore, the shape
operators Ai., and Ai., satisfy

Ale3 = A2€3 and Al64 = A264. (18)
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Now, consider the vector bundle isomorphism W : T{-M — T3 M given by U(1H) = 2H and ¥(ley) = 2ey.
Then, since f; = fo, we have

(U(Tea), ¥('es)) = (*ea,ep), o, f=3,4
and (18) implies
Vo ay, = Qy,-
Moreover, since 1 and o are PNMCV, we have
o ("Vtea) =0=2V+(¥("e,)), a=34.

Hence, by the fundamental theorem of submanifolds, there exists an isometry U of R* such that ¥ 0 = g
(see [7, Theorem 1.1 at pg. 7]). O

Let M be a PNMCYV surface in E4, f its mean curvature and m € M with f(m) # 0 and (grad f)(m) # 0.
Next, by using Lemma 3.1, we would like to construct a local coordinate system on a PNMCYV biconservative
surface M in E* on a neighborhood of m € M.

Lemma 3.6. Let M be a proper-PNMCYV biconservative surface. Then, around any point of M, there exists
a local coordinate system (s,t) such that

f=1(s), e1 = % and ey = f(5)3/4%

Proof. Let {e1,es;e3,e4} be a local orthornormal frame field given in Lemma 3.1. Because of V., eq = 0,

Ve, €1 = —3641}’0) e, we have [eq, es] = 361(f)e which gives [e1, Ees] = 0 for any function F satisfying
—3e1(f)
EF)=—""""F. 19
er(E) = =5 (19)
Thus, there exists a local coordinate system (s,t) such that e; = 7 and Fey = dt

Moreover, ex(f) = 0 which yields f = f(s) and because of (19) we can choose F as E = f(s)~%/4. 0O

Corollary 3.7. Let M be a proper-PNMCYV biconservative surface in E*. Then, the mean curvature of M
satisfies the following ordinary differential equation

9f'(s)*

2 3/2 $)1/2 — 2
TG faE OO 495 () = ¢ (20)

for a positive constant ca, where s is the local coordinate given in Lemma 3.6.

Proof. Consider a local orthonormal frame field {ej, e2;e3,e4} given in Lemma 3.1 and local coordinate
system (s,t) given in Lemma 3.6. Note that the Gauss equation (8) for X = Z = 9; and Y = 9; gives

TIPS+ 526 =0,

£ - 4

By multiplying this equation with g e 59 7z and integrating the equation obtained, we get (20) for a constant

¢ which can be assumed to be positive. O



572 R. Yegin Sen, N.C. Turgay / J. Math. Anal. Appl. 460 (2018) 565-581

Lemma 3.8. Let M be a proper biconservative PNMCYV surface in E*, where f is the mean curvature of M

in E* and e = %. Then,

(a) An integral curve of ey lies on a 3-dimensional hyperplane of E*.
(b) The curvature and torsion of an integral curve of ey are

r(s) = f(s)V 1+ f(s), (21a)

T(s) = ¢/'(s) . b
2o+ ) .

(c) Any two integral curves of ey are congruent.

Proof. Let {e1, es;e3,e4} be the local orthonormal frame on M given by Lemma 3.1 and we suppose that
is an integral curve of e; and it is parametrized by v(s) = x(s, o). Let T =+ be tangent of M and consider
the Frenet frame {T'(s), N(s), B(s), B(s)} of the curve v on M with the Frenet formulas

dT

= _ kN

ds Y

dN

= = kT +1B,
ds

dB -
% = 77‘N + TQB, (22)
dB

- — _~B

ds T2,

where k, T and 75 are curvatures of .
We proceed to compute the curvature and torsion of an integral curve v of e;. By combining (11) with
Gauss formula and considering Weingarten formula we obtain

Vi T(s) = —f(s)es(s) + cf (s)*ea(s), (23)
Feres = chls) = F()T (24)

and
Ve, eq = €)(s) = —cf(s)%/*T, (25)

where e3(s), e4(s) are restrictions of e3 and ey to 7.
By combining (22) with (23), we get (21a) and

_ld_T_;e s) + ¢ Ae s
N6 = = et e T e (26)

By differentiation of (26) with respect to e; and using (24), (25), we obtain

AN Ef(s) of'(s)
as = e Y T s e s epepr Y T 0

By combining equations (21a), (22) and (27), we obtain the torsion 7 of v as given in (21b) and
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Y2 AC) RN S
B(s) = NETIIO) 3(s) + NiETID) 4(s). (28)

By applying e; to the equation (28) and using (24), (25), we obtain

95 =N (s),
which yields that 7 = 0. Hence, we have the part (a) and part (b) of the lemma.

Now, we want to show part (c) of the lemma. Let my,my € M lie on the same integral curve of es.
Consider the local coordinate system (s,t) given in Lemma 3.6. Note that ex(f) = 0 and V., es = 0 yields
ea(e1(f)) = 0 which implies e;(f) = f/(s). Therefore, because of (21), any integral curves ; and 7, of e;
have the same curvature and torsion functions. Hence, they are congruent to each other. 0O

Now, we are ready to get main classification theorem.

Theorem 3.9. Let M be a proper-PNMCV biconservative surface in E*. Then, locally, it is congruent to the
rotational surface

x(s,t) = (a1(s) cost, ai(s) sint, aa(s), as(s)) (29)

with arc-length parametrized smooth profile curve a(s) = (a1(s), as(s), as(s)),

1
= G

whose curvature and torsion are given by (21).
Proof. We consider a local orthonormal frame field {ej, es; e3,e4} given in Lemma 3.1 with

3/490

0
e1=— and ey = f(s) 5%

0s

where (s,t) is local coordinate system give in Lemma 3.6. Note that we also have f = f(s) which satisfies
(20) for a constant cz because of Corollary 3.7. Moreover, the induced metric of M is

1
g=ds®ds+ Wdt@dt. (30)
By combining (10b) with (11), we have

~ 3f’
Vaﬁs = —ﬁ&g, (31&)
= 3f 3/2
Ve, €2 = EBS 4+ 3fes —cf*/ “ey, (31Db)
Vo,e3 = —3f0,, (31c)
Vo,eq = cf3/%9,. (31d)

Let x : M — E* be an isometric immersion. Then, (31a) becomes

—3f
4f

Xts — Xt.
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By solving this equation, we get
x(s,t) = f(s)7*O(t) + I'(s) (32)

for some E*-valued smooth functions ©,T.
By combining (32) with (31b), we obtain

i 2 !/
FP0" () + 1t 000 — 2 ) — 3 + e (9 2en .
By applying 0; to this equation and using (31a), (31c) and (31d) we obtain
1 2
0() + (1or s + (12 + 9592 €/(0) .

By combining this equation with (20), we get
0" (t) +c20'(t) = 0.

Thus, © has the form ©(t) = cos(cat) Ay + sin(cat) Az + Ag for some constant vectors Ay, Az, As. Therefore,
(32) becomes

x(s,t) = f(s)73/* cos(cat) Ay + f(s) 73/ T sin(cat) Ag + f(s) 73/ 4 A5 + T(s). (33)

By considering (30), we obtain

1
<A37A3> = (l§7 <A27A2> = <A17A1> = 3_27
2

<Ai7Aj> = <F/<S)’A2> = <F/(S)7A1> =0, ifi#j
and

,s /82
(T ) = G o a6 + 1k () =1

2

for a non-zero constant a;. Therefore, up to a suitable isometry of E4, we may assume

A3 = <O707a170) )
1
A2 = <07 _7070> ’
C2
| (34)
Al = _707070 )
C2

r(5) = (0.0,0206) = 7 5.00(5))

for some smooth functions s, a3. Hence, (33) gives (29) after re-defining ¢ properly. Since ¢t = const. is an
integral curve of e;, Lemma 3.8 implies that the curvature and torsion of the curve

(6) = (s a9 0alo)) (35)

are the functions xk and 7 given in (21). O
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In order to determine all curves satisfying the properties given in Theorem 3.9, we obtain the following
proposition.

Proposition 3.10. Let f : (a,b) — R be a positive smooth function with non-vanishing derivative and assume
that it satisfies (20) for a positive constant co. Then, an arc-length parametrized curve o = (sz%/“ o, ag)

with curvature k (21a) has the form

S

_ 1 1 2 3/2 1/2\1/2
o(s) = | e o [ (CHOY2 0702 conto(e))d
. h (36)
1 )
— [ (CPF©)2 +95(9)1/)! /2 sin(0(¢))d | |
2 J
where 0 is the function given by
2ccy f(5)%/4
0'(s) = o t—. 37
(5) 2f(s)+9 (37)
Conwersely, the curve given by (36) has curvature k and torsion T given by (21).
Proof. Let f be a positive function satisfying (20) which is equivalent to
1 4 2
f'(s) = 36\/—02f(8)5 +c3f(5)7/% = 9f(s)* (38)

for a constant € € {—1,1}. Since « is parametrized by its arc-length, we have o (s)? + a4 (s)? + a4(s)? = 1,
where a; = 92f+/4 By a direct computation considering this equation and (38), we get the condition

27 +95(5)1?)

2

o5 (s)? + (o)? = 4 2

Therefore, we have (36) for a smooth function 6. Next, we use the condition x(s) = (T”(s),T"(s))"/? to
obtain (37). The remaining part of the proof follows from a further direct computation. O

Next, we obtain the converse of the above theorem.

Theorem 3.11. Let M be the simple rotational surface inE* given by (29) with arc-length parametrized smooth
profile curve described in Proposition 3.10. Then, M is a PNMCV biconservative surface. Furthermore, its

mean curvature is f.

Proof. Consider the curve o = (a1, a9, a3) with a; = W described in Proposition 3.10. Recall that
its curvature x and torsion 7 given by (21). Let t = (¢1,t2,t3), n = (n1,n2,n3), b = (b1, ba, b3) be the unit
tangent, unit normal and unit binormal of «. Note that we have

t=a} = _5\/—c2f(8)5;2rfc(§8J)‘§27/2 — /()" (399)

ot T (P(s) +3)
R a/@fe 1l )
by = _M (39¢)

co/2f(s)+1
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Now, let M be the simple rotational surface in E* given by (29) with profile curve «.. Consider the local
orthonormal frame field {e1, ez, é3,é4} on M given by
0 1
Z e -
9s” 7 a(s)ot
é3 = (n1(s) cost,ni(s)sint, na(s),nsz(s)),

éq = (b1(s) cost, by(s)sint, by(s),bs(s)).

ey =

92
a )

By a direct computation considering (39), one can obtain (10a), (10b) and

f(s)\V/Af(s)+1 0 0 0
Aey = ( 0 _feE@r@s) |y Aa = 2w - (40)
Ve f(s)+1 Ve f(s)+1
Furthermore, the normal connection of M satisfies
Viés =
2 572 _ 3 (2 (41)
S _2ce\/3f(s) f(s)? (2f(s)+9) .,
€1

3c2f(s) + 3 e

Note that the mean curvature vector of M is

f6) L, el
2f(s)+1 ° 2f(s)+1

which yields that the mean curvature of M is H = f. Thus, the normalized mean curvature vector of M is

H=-—

1 1/2
€3 = — S LC) iy (42)

Af(s)+1 ° Af(s)+1

and we put

cf(s)t/? 1
€4 = Lég e N (43)
2f(s)+1 Af(s)+1
(40), (42) and (43) give (11). Furthermore, (10c) follows from a direct computation considering (38), (41)
and (42). Thus, M is a PNMCV surface and the orthonormal frame field {e;, ea; e3,e4} satisfies conditions
of Lemma 3.1 which yields that M is biconservative. O

Now let (M, g) be the biconservative rotational surface in given by (29) in E* with arc-length parametrized
smooth profile curve described in Proposition 3.10 for a function 0 satisfying (37). Define

1/2

I
3 P32 4 9612 .
- 4_/ (—6255 +c3e7/2 — 9§4> cos B(8)ds,
fo

! 1/2

3 232+ 9¢1/2 -

N E/ <_c2§5 22 - 9§4> sin 0(£)d,
fo

!
~ B 300255/4
o = / 2(c2€ +9)\/—c2€5 + c3£T/2 — 9¢4 “



R. Yegin Sen, N.C. Turgay / J. Math. Anal. Appl. 460 (2018) 565-581 577

where fo = f(s9). Then, a parametrization of M is

j(f?t) = i (#COSL # SintvCl(f)7C2(f)> ) (44)

where Z is defined on an open subset of (0, 00) X R to be explained. Note that for the parametrization given
by (44), we have

<jf7‘%f> = E&Cz (f)» <‘%f"%t> =0, <‘%tv‘%t> = G(f)v

where

9

E(' c = ) 45
C, 2(f) 16(—62f5 + C§f7/2 . 9f4) ( )
1
Ge,(f) = 20 (46)
By a simple computation, we also see that E, .,(f) > 0ifand only if f € (0,d,¢,), where d.¢, € (0, 03/30*4/3)
is the only positive root of
—c25%% 4 2 — 952 = 0. (47)

Hence, we have

Proposition 3.12. Let (M, g) be a surface. If M admits a biconservative PNMCV isometric immersion into
E*, then it is isometric to

(Dc,62 s Geser = Eecy (f)df2 + Ge, (f)dtQ) (48)

for some positive constants c, ca, where E. .,, G are functions defined in (45), (46) and D¢ ¢, = (0,0c,c,) X R
for the positive oot 6. ., of (47).

By the next theorem, we prove that we get a 2-parameter family of proper-PNMCV biconservative
surfaces in E* by (29).

Theorem 3.13. Let (De.c,, ge,c,) and (Dzz,, gz,z,) denote the surfaces described in Proposition 3.12 for some
non-negative constants c,é and positive constants ca,é. Then, the surfaces (De.cy,Ge,c,) and (Dzzy, 9z,6,)
are isometric if and only if c = ¢ and co = 5.

Proof. In the proof this theorem, we use the notation g = gec, = Ee,(f)df? + Geydt?, § = gzz, =
Ezz, (f)df? 4+ G, (f)di?. We also put

0
ts N

of

= 8};7
(ft)

of =0

d ‘ %
o(f,t)

_8f7 E

S| @

(f:1) ‘(ﬁt)

for a (f,t) € De,c,.
By a direct computation, we obtain the Gaussian curvature of (D, ,,¢) and (Dzg¢,,§) as

K(f,t)=—f*=cf° and K(f§)=-f-2&f (49)
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respectively. In order to prove necessary condition, let ® = (®1,®2) : (De¢c,,9) = (D gy, §) be an isometry.
Then we have K(®1(f,t), ®2(f,t)) = K(f,t) which is equivalent to

P4l =07+ (50)

which implies ®1(f,t) = ®1(f). Therefore, we have

0D, (f,t
d®s,0) (9y) = ¥, ()05 + gf)af
and
0D (f,t
;) (0)) = 28(tf ) o,

where d® ¢4y : T(.4)De,c; = Ta(f1)De,z, stands for the differential of ® at (f,1).

From the equations g@(ﬁt) (dfb(ﬁt) (6f) ,dq)(f,t) (8t)) = 9.t (af, 8t) = 0 and g@(f,t) (d@(ﬁt) (8t),
d(p(f’t) (8t)) = g(f’t)(at, 3t) we obtained

acI)2 (f7 t) a(1)2(fv t)
of ot

(%) G (1(£)) = Geo (f)- 62)

Ga, (P1(f)) =0, (51)

Now, (52) yields M%—g’t) # 0. Thus, from (51) we get m%—(ff’t) = 0 from which we have ®o(f,t) = Py(t).
Therefore, (52) implies

/ 2 GCz (f) _ 7
@0 = G @i =" )
for a constant b # 0. Therefore, we have
o1(f) =0bf (54)

for a constant b which is positive because ¢z, éa, f, ®1(f) > 0.
Now, by combining (50) and (54), we get

(1= 2+ (-2 =0

from which we obtain ®;(f) = f and ¢ = ¢. By a further computation considering e s+ (d® s+ (9f),
d®s.(0r)) = g(4.4)(0f,0y), we also obtain cy = ¢. Hence, the necessary condition is proved. The converse
is obvious. O

4. Biconservative meridian surfaces in E*

In this section we study meridian surfaces in the Euclidean space E*. We get complete classification of
biconservative meridian surfaces and construct biconservative surfaces with non-parallel normalize mean
curvature vector.

Let a : I — S%(1) be an arc-length parametrized smooth curve with (spherical) curvature x and unit
normal n, i : S?(1) — E* canonical inclusion and
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(i 0 a)(u) = (a1 (u), az(u), as(uw)),

where [ is an open interval. Note that the unit tangent vector ¢ and n satisfies

o =t, (55)
t' = kn — a, (56)
n' = —kt. (57)

Consider the planar curve (f(v),v),v € J for a smooth function f, where J is an open interval. Then the
surface M in E* given by

X(uvv) - (f(v)al(u)v f(v)QQ(u)v f('l))Oég(U),’U),U € Ia veJ (58)

is said to be a meridian surface lies on a rotational hypersurface M? in E* obtained by o around the x4-axis
in E* [15].

Remark 4.1. Tt is well-know that the curve « becomes a circle with radius less than 1 if its (spherical)
curvature k is a non-zero constant. In this case, M becomes a rotational surface with profile curve lying in
a 2-plane of E4. More precisely, in this case, M is congruent to the surface given by

x(u,v) = (af(v) cosu,af(v)sinu,bf(v),v) (59)

for some positive constants a,b with a? +b? = 1. Moreover, if & = 0 on I, then M is congruent to (59) with
a =1, b=0. In this case, M is a rotational surface in E3. In [16], it is proved that the only biconservative
surfaces in E? are rotational ones. Furthermore, the profile curve of a biconservative rotational surface in
E3 is obtained. Therefore, after this point we assume that s does not vanish on 1.

The tangent space of M given by (58) is spanned by the vector fields

1 1

€1 = Wﬁv, €9 = m&u, (60)
where we put
E=E@W) =1+ f'(v)%
Moreover, the normal vector fields
L (o (). s (u), ~as(w). ()
e3 =——= (—aq(u), —as(u), —as(u v
3 E1/2 1 ) 2 ) 3 ) ) (61)
eq =(n(u),0)

form an orthonormal frame field for the normal bundle of M.
By a direct computation, we observe that e and e4 are parallel. Furthermore, the matrix representation
of the shape operators of M are

_f”(“) 0
7 0 O
Aes = e y Ae4 = ( K(u) ) . (62)

1
E1/2f(v)
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Thus, the mean curvature vector field H is

g SO0+ E r(u)

2 B? T 2w (03)
By considering (63), we obtain
2 grad | H|* =E_9/2f(v)_3( = E°f'(v) (5(u)*E +1) = 3f (v)* ' (0) f" (v)?

+ Bf () (4 )" (0) + £ (0) (F(0)f"(v) = ) )ex (64)

()R ()

VIO

and
9/2 241 (4
tI‘AvLH() £~ f(2) f ( )<Ef(v)2f’”(v)—|—f’(v) (E2_3f(v)2f//(v)2 ( )
, 65
L0 Jer + S e

Now, assume that M is a biconservative meridian surface M lying in E*. Then, (2) is satisfied for m = 2
and we have R = 0 because the ambient space E*. By combining (2) with (64) and (65), we obtain

—E°f'(v) (Er(u)* +1) + 2B f(0) f' () " (v) = 9f (v)° ' (0) /" (v)?
+H6Ef(0)*f' () f"(v)* = Ef()*f"(v) (B = 3f(v)f"(v)) = 0

and
k(u)k'(u) = 0. (66)

From (66) we see that s is constant. Therefore, Remark 4.1 implies that M is a rotational surface. By
considering x(u) = ko, we obtain the following theorem.

Theorem 4.2. A meridian surface M in E* is biconservative if and only if it is congruent to the rotational
surface given by

x(u,v) = (af(v) cosu,af(v)sinu,bf(v),v) (67)

for some positive constants a,b with a® + b%> = 1 and a smooth function f satisfying

F@O)(f ()2 +1)% (82 (f ()2 +1) + 1)—2f F1@) (F1 @02 +1)" f(v)
+9f () f'(0)f"(0)° = 6£(0)2f'(v) (f'(0) + 1) " (v)? (68)
+ F )2 () (f' ()2 +1) (=3f () " (v >+f< )2 4+1) =0,

where kg = b/a.
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