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ABSTRACT
This study’s subject is a (3+1)dimensional newHirotabilinear (NHB) equation that appears in the
theory of shallowwaterwaves.We investigate howparticular dispersivewaves behave in anNHB
equation. In this regard, we first test the Painlavé integrability using the WTC-Kruskal method
and second perform Lie point symmetry analysis on NHB. The algorithm outputs the Lie algebra,
the symmetry reductions, and group invariant solutions. Using Lie point symmetries, NHB trans-
forms into an ordinary differential equation. The integration architectures to solve this equation
are the Bernoulli sub-ODE, 1/ G′, and modified Kudryashov methods. We plot their graphs and
observe how the solutions behaved in understanding the physical phenomenon. Additionally,
we discuss the model utilizing nonlinear self-adjointness and Ibragimov’s approach to generate
conservation laws for each Lie symmetry generator.
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1. Introduction

Materials science, ocean engineering, biology, solid
statephysics, chemistry, chemical physics, optical fibers,
chemical kinetics, deep water waves, oceanography,
signal processing, and all other nonlinear disciplines use
nonlinear evolution equations (NLEE). A NLEE is a par-
tial differential equation that explains how a physical
system changes over time and under a set of given ini-
tial conditions. It affects physical processes such as sys-
tem identification that appear beyond several scientific
disciplines.

Energy is moved from one location to another
through waves. The ocean’s water level will rise and
fall in intricate and unpredictable motions while trans-
ferring energy from a region of disturbance due to
forces that include gravity and wind, as well as other
factors like gravity or movement of the ocean floor.
An ocean wave is the term used to describe this
energy transfer via the ocean’s surface water [1].
The dynamic waves that characterize marine envi-
ronments, examine sea movement, and display trop-
ical tidal waves are the shallow water waves. These
waves form as a result of wind activity on the sea and
show long wavelength wonders where level length is
more important than liquid depth. Sea foot influences
these waves as they proliferate, aggravating the water’s
orbital movement. It might then result in unimagin-
able destruction to the coastal ecology, among other
things [2]. If the contact of the wave with the sea or
ocean floor is having an impact on the waves at the

surface, ocean waves are regarded as shallow water
waves [1].

As utilized in physical sciences, the exact solution for
the most part alludes to an arrangement that captures
the complete nature of a problem as contradicted to
one that is approximate and perturbation solutions.

Setting up exact analytical solutions of NLEEs is
imperative since it better portrays thephysical phenom-
ena. Exact analytical solutions are extremely beneficial
for testing numerical algorithms used for the consid-
ered equation.

Group-invariant solutions, which is a special class of
exact solutions, are the solution forms obtained by the
Lie symmetry groups approach and remaining invari-
ant through various geometric transformations of the
considered model.

Conservation laws, which were closely related
through Lie symmetry groups at the beginning of the
twentieth century and which are quite well known
in physical sciences, are the basic building blocks in
the linearization of the equation, the use of numeri-
cal schemes and stability analysis, as well as the infer-
ence of the basic conservation laws of the model under
consideration.

To obtain the exact solutions of NLEEs, various tech-
niques, including Hirota bilinear theory [3], Darboux
transformation [4], Painlavé analysis [5], Lie symme-

try analysis [6], Bernoulli sub-ODE method [7],
(
G

G′

)
-

expansion [8], the modified (G ′ /G)-expansion method
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[9], etc. were suggested in the literature. Some of the
methods have even been used for fractional differential
equations [10, 11].

A self-reinforcing single wave within a wave con-
tainer is referred to as a soliton if it continuallymaintains
its form while moving at a fixed pace. Solitons are con-
structed by arranging a variety of dispersive NLEEs to
represent physical structures [12].

The (1+1)-dimensional Korteweg–de Vries (KdV)
equation

ut + 6uux + uxxx = 0 (1)

is a NLEE which is conventionally employed to model
the behaviour of waves in shallow water.

Another NLEE that expresses the development of
nonlinear, long waves with small amplitudes and grad-
ual reliance on the transverse coordinate is the Kadomt-
sev–Petviashvili (KP) equation, which has two spatial
and one temporal variables. The KP equation has two
unique forms and may be expressed as follows in the
normalized form:

(ut + 6uux + uxxx)x + 3ϑ2uyy = 0, (2)

where u = u(x, y, t) may be a scalar function, x and
y are separately the longitudinal and transverse spa-
tial coordinates, and ϑ2 = ±1. The KPII equation is
known under the case ϑ = 1, andminiatures, for exam-
ple, water waves with low surface pressure. The KPI
equation, which may be used to demonstrate pulses in
thin filmswithhigh surfacepressure, is knownunder the
case ϑ = i.

One of the such NLEEs (extended and high-
dimensional version of the KdV equation) mentioned
above lines is the following (3 + 1)-dimensional new
Hirota bilinear (NHB) equation [13–15]

uyt − uxxxy − 3(uxuy)x − 3uxx + 3uzz = 0. (3)

Equation (3) is transformed into the KdV equation

WP + 6WWR + WRRR = 0 (4)

by using the transformations t = −P, x = −R, y = Q,
z = Q and ux = W .

Equation (4) has N-soliton solutions via Hirota per-
turbation theory and is totally integrable. The literature
on Equation (3) reveals a number of ongoing studies.
Equation (3) was solved using the linear superposition
approach in [13], and two different resonant multiple
wave solutions were discovered. Also, lump solutions
to two different dimensional reductions with z = y and
z = t in [14]. Bilinear Bäcklund transformation is shown
in [16]. The N-solitary waves are further obtained in [17]
depending on the resulting bilinear form by applying
Hirota’s bilinear theory. In [18], a periodic type II, rogue,
bright, and dark wave evolution of Equation (3) with
physical properties was developed.

The primary objective of this study is to carry
out invariance analysis of the (3+1) dimensional NHB
equationmodel, which emerged in shallow-water wave
theory, through the technique of Lie-symmetry groups.
In this way, variable changes corresponding to various
geometric transformations and the formation of new
reduced versions of the model and new exact (group
invariant) solution forms will be investigated. However,
the formation of local conservation vectors, which we
cannot observe for this model, will also be demon-
strated with the help of Lie symmetry groups and a
coupled version of Noether’s theorem developed by
Ibragimov [19].

This study consists of the following sections. In
Section 2, we investigate the Painlavé integrability of
Equation (3) using the WTC-Kruskal algorithm [20–24].
In Sections 3 and 4, using Lie algebra [25–30], we
take into consideration the (3+1) dimensional Hirota
equation. We investigate the Lie infinitesimals for
Equation (3) using the fourth prolongation. We reduce
Equation (3) to ODEs using some generators and their
combinations. In Section 5we have to reach at the solu-
tions of the ODE’s and, consequently, various solutions

of Equation (3) using the Bernoulli Sub-Ode,
1

G′ and

modified Kudryashov approaches mentioned in [7]. In
Section 6, as stated in [31], we study and determine
the quasi self-adjointness of Equation (3). Again in this
section, we calculate the conservation vectors using
Ibragimov’s method [19, 31]. In the Conclusion section
we obtain 3D graphs of the solutions and analyse their
behaviour over time, in order to better understand the
physical phenomenon behind themodel. In the last, we
provide an overview of the study and conclusions.

2. Painlavé analysis

According to [20], consider an NLEE, for example one
dependent variable with respect to independent vari-
ables x, y, z, and t,

P(u, ux , uy , uz , ut , . . .) = 0, (5)

where u(x, y, z, t) is the dependent variable, P is a poly-
nomial about u and their derivatives. The Painlavé test
[20, 32, 33] is said to have been passed by Equation (3)
if all solutions of Equation (5) are expressed as Laurent
series,

u(x, y, z, t) =
∞∑
k=0

uk(x, y, z, t)φ(x, y, z, t)
k+α (6)

with enough arbitrary functions to be the order of (5),
where u is analytic function and, α < 0. The WTC-
Kruskal method consists of four phases [20–23].

• Phase 1.
To find the leading order exponents α and the lead-
ing order coefficients u0, set u(x, y, z, t) = u0φα , and
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put them into (5). The highest order derivative terms
and the nonlinear terms can be balanced to find all
possible (α, u0). The process comes to a halt if the
only α options are not integers.

• Phase 2.
Determine all potential truncated expansions of the
form

u(x, y, z, t) = u0φ
α + u1φ

α+1 + .. + u−αφ0 (7)

for each pair of (α, u0) from Phase 1. ur (r =
0, .., . . . ,−α − 1) can be determined by substitut-
ing (7) into Equation (5) and equating coefficients
of same powers of φ. If ur cannot be determined, it
is impossible to truncate the series (6) at constant
terms.

• Phase 3.
Calculate all integer powers k, sometimes known as
resonances, atwhich arbitrary functionsukmayenter
the series (6) if α is integer.Q(k).(u(1), u(2), . . . , u(m))T

= 0 is obtained by replacing the simplified version
of (6) u(x, y, z, t) = u0φα + ukφα+k into Equation (5)
and collecting the terms with the least φ powers.
Given thatQ is am × mmatrix.Q’s elementsdepends
on k. The resonances of (5) are roots of det[Q(k)] =
0. All resonances in a single PDE, whether positive
or negative, should be distinct integers [20, 33]. The
method stops finding anon-integer rootwhen trying
to find k.

• Phase 4.
The coefficients at non-resonances are computed,
and at each positive resonance, compatibility is
tested, as the final phase. For each branch of (5),
we insert the truncated expansions u(x, y, z, t) =∑N

k=0 ukφ
(k+α) into Equation (5), where N is the

largest resonance. If the compatibility criteria for one
branch cannot bemet, the next branch’s compatibil-
ity conditions should be checked. If the above pro-
cedures can be carried out consistently and clearly,
Equation (5) is considered to pass the Painlavé test. If
the series (6) is self-consistent and single-valued, and
the primary branch allows as many arbitrary func-
tions as the order of (5), then (5) is said to have
the Painlavé property. The singular manifold in the
series (6) is defined in Phases 1 and 2 by using WTC
[20], φ = φ(x, y, z, t), uj = uj(x, y, z, t), whereas in the
last twophases, Kruskal’s gauge is used for the singu-
lar manifold, φ = φ(x, y, z, t) = x − ψ(y, z, t), to sim-
plify the computations.

By referring to the above-mentioned steps, accord-
ing to the leading order analysis, α = −1 and

u0(x, y, z, t) = 2φx . (8)

The truncated expansion to Equation (3),

u(x, y, z, t) = 2
φx

φ
+ u1 = 2∂xlog(φ)+ u1 (9)

an auto-Bäcklund transformation may be derived by
assuming that u1 is a given solution of Equation (3)
and inserting (9) into Equation (3). Namely, since u1 is
a solution to Equations (3) and (9) must be as well.

Using this value in Equation (6), and separating the
first term from the sum we get;

u(x, y, z, t) = (2φx)φ−1 +
∞∑
1

uk(x, y, z, t)φ
r−1. (10)

Additionally, usingEquations (8) and (10) in Equation (3),
it hasbeenpossible to create the characteristic equation
for resonances, which is then solved to get resonances
for k = −1,1,4, and 6.We know that, arbitrariness of sin-
gular manifold φ(x, t) = 0 relates to the resonance at
k = −1. Now we must calculate the coefficients u2, u3
and u5 using the recursion relation and to satisfy the
compatibility requirements for the existence of the free
functions u1, u4 and u6.Whennecessary calculations are
made, we get;

u1 free function,

u2 = −1
6

3ψ2
z − 3u1y + (ψt)(ψy)− 3

ψy
,

u3 = −1
8

(ψyt)(ψy)
2 + 2(ψzz)(ψy)

2 + 2ψyψzψzy

−ψyu1yy − ψyy(ψz)
2 + ψyyu1y + ψyy

(ψy)3
,

u4 free function, similarly we get u5.

The compatibility condition does not hold at resonance
k=6 is

3(ψy)
2((ψzy)

2 + 3ψzzψyy(ψz)
2 − ψzzψyyu1y

− ψyψytψzψzy + ψyψyyψzψzt + ψzψzyu1yy

− ψzψyyψzy − ψzzψyyψzz(ψy)
2ψyt

− (ψy)
2ψztψzy − 3(ψzy)

2(ψz)
2 + (ψzy)

2u1y

− ψzyψyu1zy + u1zzψyψyy) = 0,

where φ(x, y, z, t) = x − ψ(y, z, t). As Equation (3) does
not meet the conventional Painlavé property, we may
deduce that it is not Painlavé integrable.

3. Lie symmetry analysis

Following similar procedures in [30, 34–40] the Lie
symmetry analysis of Equation (3) is studied in this
section. First, we analyse the one-parameter Lie group
of infinitesimal transformation;

x̌ → x + εξ1(x, y, z, t, u)+ O(ε2),

y̌ → y + εξ2(x, y, z, t, u)+ O(ε2),

ž → z + εξ3(x, y, z, t, u)+ O(ε2),

ť → t + εξ4(x, y, z, t, u)+ O(ε2),
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ǔ → x + εη(x, y, z, t, u)+ O(ε2).

The Lie generator of Equation (3) is the following vector
field

Ṽ = ξ1(x, y, z, t, u)
∂

∂x
+ ξ2(x, y, z, t, u)

∂

∂y

+ ξ3(x, y, z, t, u)
∂

∂z
+ ξ4(x, y, z, t, u)

∂

∂t

+ η(x, y, z, t, u)
∂

∂u

(see, [30, 34–40]). In this case, ξ1, ξ2, ξ3, ξ4,η are infinitesi-
mal of the variables (x, y, z, t, u). ξ1, ξ2, ξ3, ξ4 andη should
meet the infinitesimal condition when the fourth pro-
longation Pr4Ṽ(
)|
=0 = 0 of the infinitesimal genera-
tor Ṽ is applied to Equation (3). Utilizing the prolonga-
tion and total derivative definitions to substitute from
this condition, then matching the coefficients of the
dependent variable and its derivatives, we encounter
the following overdetermined system for infinitesimal
functions:

ηut = 0, ξ2zz = 0, ξ3zz = 0, ηuz = 0,

ηuu = 0, ξ4x = 0, ξ1x = −ηu, ξ2x = 0,

ξ3x = 0, ηx = −ξ1t
3
, ξ4t = −3ηu, ξ2t = 0,

ξ3t = −6ξ2z , ξ4y = 0, ξ1y = 0, ξ2y = 3ηu + 2ξ3z ,

ξ3y = 0, ηy = −2ηu − 2ξ3z , ξ4z = 0, ξ1z = 0, ξ4u = 0,

ξ1u = 0, ξ2u = 0, ξ3u = 0.

By solving it we get,

η = f1(t)tx + ϒ1u +ϒ2y + f2(t)z + f3(t),

ξ1 = −ϒ1x − 3f1(t)+ϒ3,

ξ2 = (6ϒ1 − 6ϒ2)y

6
− ϒ4z

6
+ ϒ5,

ξ3 = (−2ϒ1 −ϒ2)z

2
+ϒ4t + ϒ6,

ξ4 = −3ϒ1t +ϒ7,

where ϒ1,ϒ2,ϒ3,ϒ4,ϒ5,ϒ6 and ϒ7 are arbitrary con-
stants and f1, f2 and f3 are arbitrary functions. As a result,
the infinitesimal symmetries of Equation (3) give rise to

nine-dimensional Lie algebra, which is covered by the
independent operators:

Ṽ1 = ∂

∂t
, Ṽ2 = ∂

∂y
, Ṽ3 = ∂

∂z
, Ṽ4 = ∂

∂u
, Ṽ5 = z

∂

∂u
,

Ṽ6 = ∂

∂x
, Ṽ7 =

(−2u
3

− 2y
3

)
∂

∂u
+ 2t

∂

∂t

+ 2x
3
∂

∂x
+ z

∂

∂z
,

Ṽ8 =
(
u

3
− 2y

3

)
∂

∂u
− t

∂

∂t
+ −x

3
∂

∂x
+ y

∂

∂y
,

Ṽ9 = −6t
∂

∂z
+ z

∂

∂y
. (11)

To get group transformations, Hi : (x, y, z, t, u) → (x̌, y̌,
ž, ť, ǔ), we must solve the following initial value prob-
lems:

dx̌
dε

= ξ1(x̌, y̌, ž, ť, ǔ), x̌|ε=0 = x,

dy̌
dε

= ξ2(x̌, y̌, ž, ť, ǔ), y̌|ε=0 = y,

dž
dε

= ξ1(x̌, y̌, ž, ť, ǔ), ž|ε=0 = z,

dť
dε

= ξ1(x̌, y̌, ž, ť, ǔ), ť|ε=0 = t,

dǔ
dε

= ξ1(x̌, y̌, ž, ť, ǔ), ǔ|ε=0 = u.

(12)

Table 1 is the commutator tableof the Lie algebra for the
NHB. It is clearly seen from the table that the structure
whose bases are the generators in question is a Lie alge-
bra. By virtue of (12) we build one parameter Lie groups
of transformation;

H1 : (x, y, z, t, u) → (x, y, z, t + ε, u),

H2 : (x, y, z, t, u) → (x, y + ε, z, t, u),

H3 : (x, y, z, t, u) → (x, y, z + ε, t, u),

H4 : (x, y, z, t, u) → (x, y, z, t, u + ε),

H5 : (x, y, z, t, u) → (x, y, z, t, u + εz),

H6 : (x, y, z, t, u) → (x + ε, y, z, t, u),

H7 : (x, y, z, t, u) →
(
x + 2x

3
ε, y, z + zε, t + 2tε,

u +
(−2u

3
− 2y

3
ε

))
,

Table 1. Commutator table.

Ṽ1 Ṽ2 Ṽ3 Ṽ4 Ṽ5 Ṽ6 Ṽ7 Ṽ8 Ṽ9

Ṽ1 0 0 0 0 0 0 2Ṽ1 -Ṽ1 −6Ṽ3
Ṽ2 0 0 0 0 0 0 −2Ṽ4/3 −2Ṽ4/3 0
Ṽ3 0 0 0 0 Ṽ4 0 Ṽ3 0 Ṽ2
Ṽ4 0 0 0 0 0 0 Ṽ4/3 Ṽ4/3 0
Ṽ5 0 0 −Ṽ4 0 0 0 −5Ṽ5/3 Ṽ5/3 0
Ṽ6 0 0 0 0 0 0 2Ṽ3/6 −Ṽ6/3 0
Ṽ7 −2Ṽ1 2Ṽ4/3 −Ṽ3 −Ṽ4/3 5Ṽ5/3 −2Ṽ3/6 0 0 Ṽ9 + 2Ṽ5/3
Ṽ8 Ṽ1 2Ṽ4/3 0 −Ṽ4/3 −Ṽ5/3 Ṽ6/3 0 0 −Ṽ9 + 2Ṽ5/3
Ṽ9 6Ṽ3 0 -Ṽ2 0 0 0 −Ṽ9 − 2Ṽ5/3 Ṽ9 − 2Ṽ5/3 0
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H8 : (x, y, z, t, u) →
(
x − x

3
ε, y + yε, z, t − tε,

u +
(
2u
3

− 2y
3
ε

)
ε

)
,

H9 : (x, y, z, t, u) → (x, y + zε, z − 6tε, t, u). (13)

The right-hand elements show the transformed point
e(x,y,z,t,u) = (x̌, y̌, ž, ť, ǔ).

If we assume that u = φ(x, y, z, t) is a solution to
Equation (3) and use the groups above, we write the
new solutions as follows;

u1(x, y, z, t) = φ(x, y, z, t − ε),

u2(x, y, z, t) = φ(x, y − ε, z, t),

u3(x, y, z, t) = φ(x, y, z − ε, t),

u4(x, y, z, t) = φ(x, y, z, t)− ε,

u5(x, y, z, t) = φ(x, y, z, t)− εz,

u6(x, y, z, t) = φ(x − ε, y, z, t),

u7(x, y, z, t) = φ

(
x − 2x

3
ε, y, z − zε, t − 2tε

)
− 2y

3
ε,

u8(x, y, z, t) = φ
(
x + x

3
ε, y − yε, z, t + tε

)
− 2

3
ε(y − yε),

u9(x, y, z, t) = (x, y − zε, z + 6tε, t).
(14)

4. The Lie symmetry reductions
corresponding to some Lie vector fields

The Lie groups approach is an useful technique for
the investigating the integrability aspects of the under
study PDE (or systems of PDEs). A symmetry group
of a system of differential equations is, in short, a
group that transforms one solution of the system
into another. In this section, symmetry reductions and
group-invariant solutions corresponding to Lie point
generators obtained in Section 3 will be systematically
discussed.

• For Ṽ1 = ∂

∂t
. The characteristic equation will be

dt
1

= dx
0

= dy
0

= dz
0

= du
0
.

By solving this equation we procure the following
invariants:

γ1 = x,

γ2 = y,

γ3 = z,

u(x, y, z, t) = 
(γ1, γ2, γ3),

and thereby Equation (3) is reduced to

−
γ1γ1γ1γ2 − 3(
γ2 + 1)
γ1γ1 − 3
γ1γ2
γ1

+ 3
γ3γ3 = 0. (15)

This equation can be solved directly with Maple and
the exact solution reads

u1(x, y, z, t)

= 2 tanh
(
c2x + c3y −

√
12c2c3 + 9c2

z

3
+ c1

)
c2 + c5.

(16)

• For Ṽ2 = ∂

∂z
. The characteristic equation is

dz
1

= dx
0

= dy
0

= dt
0

= du
0
.

By solving this equation we deduce the following
invariants:

γ1 = t,

γ2 = x,

γ3 = y,

u(x, y, z, t) = 
(γ1, γ2, γ3).

(17)

Hence, Equation (3) is rewritten in terms of the invari-
ants of (17) as

−
γ2γ2γ2γ3 − 3(
γ3 + 1)
γ2γ2 − 3
γ2γ3
γ2

+ 3
γ1γ3 = 0. (18)

Equation (18)’s exact solution can be constructed as
shown below

u2(x, y, z, t)

= 2 tanh

(
c32y + (

4c23t + c2x + c1
)
c3 + 3c22t

c3

)
c2 + c5.

• For Ṽ1 + Ṽ2 + Ṽ9 = −6t
∂

∂z
+ (z + 1)

∂

∂y
+ ∂

∂t
. The

characteristic equation can be written as

dz
−6t

= dy
z + 1

= dt
1

= du
0

= dx
0
.

By solving the characteristic equation we have the
following invariants:

γ1 = x,

γ2 = t2 + z

3
,

γ3 = (−z − 1)t + y − 2t3,

u = 
(γ1, γ2, γ3).

Then Equation (3) is reformulated in terms of the
above invariants as


γ2γ2 − 9
γ1γ1
γ3 − 9
γ1γ1 − 9
γ3γ2 − 3
γ3γ3

− 9
γ1γ3
γ1 − 3
γ1γ1γ1γ3 = 0. (19)

By following the same procedure we reach to fourth-
order ODE,

− 6HξξHξ − 4Hξξ + Hξξξξ = 0. (20)

Using various analytical approaches, we shall study
the exact solutions to the resulting Equation (20).
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5. Exact solutions through three distinct
integration schemes

This section focuses on Equation (20). By through
three well-automated integration architecture, we shall
retrieve exact group-invariant solutions.

5.1. Bernoulli sub-ODEmethods

Consider the nonlinear ordinary differential equation
(NLODE) of the form [7]:

G(v, v′, v′′, v′′′, . . .) = 0. (21)

The following series expansion provides the exact solu-
tion of Equation (21):

v(θ) = a0 +
N∑
i=1

aiG
i, aN �= 0. (22)

Here the constants ai (i = 1, 2, 3, . . . ,N) need to be com-
puted, N is determined using the balancing principle
and G = G(θ) provides the following first-order ODE;

G′(θ)+ λG(θ) = μG(θ)2, (23)

where λ and μ are constants and

G(θ) = 1

d eλθ + μ

λ

. (24)

An algebraic equation system is yielded by inserting
Equation (22) into Equation (21) and accumulating the
Gn polynomial coefficients setting to zero. By using the
Maple package program, the system is solved, and the
results are then substituted in (22). Thus the exact solu-
tions of Equation (21) are accomplished.

Now we use this procedure for Equation (20). We
arrive at N = 1 using the balancing principle. The solu-
tion of (20) of the form

H(ξ) = a0 + a1G(ξ). (25)

Putting (25) into (20), we get the following system after
collecting the coefficients of Gn:

− a1
2μ3 + 2a1μ4 = 0,

a1λ
4 − 4a1λ2 = 0,

a1
2λμ2 − 2a1λμ3 = 0,

− 12a12λ2μ+ 25a1λ2μ2 − 4a1μ2 = 0,

2a12λ3 − 5a1λ3μ+ 4a1λμ = 0.

(26)

The solutions of (26) are a1 = 2μ and λ = 2. Hence

H(ξ) = a0 + 2μ
de2ξ + μ

2
. (27)

Going back sequentially, the exact group invariant solu-
tion of Equation (3) reads

u3(x, y, z, t) = −
(−x − 2t3 + (−z − 1) t + y

) (
t2 + z

3

)
2

+ a0 + 2μ

de−2x+2(−z−1)t+2y−4t3 + μ
2

.

(28)

5.2.
1
G′ method

Equation (20) has a solution of the type [7]

H(ξ) = a0 + a1
G′ , (29)

where G(θ) satisfies the below second-order ODE.

G′′(θ)+ λG′(θ) = μ, (30)

1
G′ = λ

Aλ(cosh(λθ)− sinh(λθ))− μ
. (31)

Substituting Equation (29) into Equation (20) and col-

lecting the coefficients of
1
G′ we obtained the following

algebraic system:

a1λ
4 − 4a1λ2 = 0,

− 2a12λ3 − 5a1λ3μ+ 4a1λμ = 0,

12a12λ2μ+ 25a1λ2μ2 − 4a1μ2 = 0,

a1
2μ3 + 2a1μ4 = 0,

− a1
2λμ2 − 2a1λμ3 = 0.

(32)

Assisting via Maple we get; a1 = −2μ and λ = 2. Thus,
another exact solution of Equation(20) reads;

H(ξ) = a0 + 4μ
2A (cosh(2ξ)− sinh(2ξ))− μ

(33)

and thereby the exact group-invariant solution of
Equation (3) reads

u4(x, y, z, t) =
(−x + (−z − 1) t + y − 2t3

) (
t2 + z

3

)
2

+ a0

+ 4μ

2A
(
cosh

(
2x − 2 (−z − 1) t − 2y + 4t3

)
+ sinh

(
2x − 2 (−z − 1) t − 2y + 4t3

))− μ

(34)

5.3. Modified Kudryashovmethod

The solution of (20) is of the form

u(θ) = a0 + a1Q(θ), (35)

where Q(θ) satisfies the below equation:

Q′(θ) = log(a)(Q(θ)2 − Q(θ)). (36)

The exact solution of (36) is represented as follows:

Q(θ) = 1
daθ + 1

.
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Inserting Equation (35) into Equation (20), we obtain the
following algebraic system after gathering the coeffi-
cients of Gn:

ln(a)4 a1 − 4 ln(a)2 a1 = 0,

2 ln(a)4 a1 − ln(a)3 a12 = 0,

−2 ln(a)4 a1 + ln(a)3 a12 = 0,

25 ln(a)4 a1 − 6 ln(a)3 a12 − 4 ln(a)2 a1 = 0,

−5 ln(a)4 a1 + 2 ln(a)3 a12 + 4 ln(a)2 a1 = 0.

Assisting via the Maple program we acquire, a1 = −4

and a = 1
e2

.

Hence, the exact solution of Equation (20) reads

H(ξ) = a0 − 4

d
(

1
e2

)ξ + 1
. (37)

As a result, the non-travelling group invariant solution
is given as

u5(x, y, z, t) =
(−x + (−z − 1) t + y − 2t3

) (
t2 + z

3

)
2

+ a0 − 4

d
(

1
e2

)−x+(−z−1)t+y−2t3 + 1
.

(38)

6. Conservation laws

This section shall serve two aims. In the first subsection
we examine the quasi-self-adjointness of Equation (3)
and subsequently will include local conservation laws
via Ibragimov’s nonlocal conservation theorem [19, 31].
When we examine the studies on NHB, as far as we can
see,webelieve that conservation laws forNHBwillmake
important contributions to the literature.

6.1. Quasi self adjoint

As detailed in [31], we provide the fourth-order formal
Lagrangian

L̆ = v(x, y, z, t)(uyt − uxxxy − 3(uxuy)x − 3uxx + 3uzz)
(39)

and adjoint equation

F∗ = δL̆

δu
= vyt + vxxxy − 6uyxvx − 3uyvxx − 3vxx

− 3uxvyx + 3vzz = 0 (40)

for Equation (3).

uyt + uxxxy − 3(uyux)x − 3uxx + 3uzz − 6uyxux = 0
(41)

is obtained by substituting u(x, y, z, t) for v(x, y, z, t) in
the adjoint equation and F �= F∗ appears with it. Con-
sequently, Equation (3) is not self-adjoint.

Substituting v = φ(u),φ(u) �= 0 in adjoint equa-
tion (40) and using

F∗ = λF (42)

condition we get;

φ(4)uyu
3
x − 6φ′′u2xuy + 3φ′′′uyuxuxx + 3φ′′′u2xuxy

− 3φ′uyuxx − 15φ′uxyux + φ′′uyut − 3φ′′u2x
+ 3φ′′uxyuxx + 3φ′′uzz + φ′uxxxy − 3φ′uxx + φ′uyt
+ 3φ′uzz = λ[uyt − uxxxy − 3(uxuy)x − 3uxx + 3uzz].

When the systemobtained through thematching of the
derivatives of u ’s coefficients is solved, v = c is found
where c is a constant. As a result, Equation (3) is quasi-
self-adjoint according to the definition given in [31].

6.2. Local conservation laws via Ibragimov’s
nonlocal conservationmethod

Let us use the general theory for conservation laws [19,
31] to construct the conserved vectors of Equation (3).
The elements that make up the conservation vector
M = (M1,M2, . . . ,Mm) are given as follows:

Mi = ξ iL̆ + W

[
∂ L̆

∂ui
− Dj

(
∂ L̆

∂uij

)
+ DjDk

(
∂ L̆

∂uijk

)
· · ·
]

+ Dj(W)

[
∂ L̆

∂uij
− Dk

(
∂ L̆

∂uijk

)
+ · · ·

]

+ DjDk(W)

[
∂ L̆

∂uijk
− Dh

(
∂ L̆

∂uijkh

)
+ · · ·

]
+ · · ·

(43)

where W = η − ξ iui is the Lie characteristic function
and L̆ is formal Lagrangian, η and ξ i in relation to the Lie
point symmetry . The considered Equations (3) and (43)
become

Mt = ξ t L̆ + W

[
−Dy

(
∂ L̆

∂uyt

)]
+ Dy(W)

[
∂ L̆

∂uyt

]
,

Mx = ξ xL̆ + W

[
∂ L̆

∂ux
− Dx

(
∂ L̆

∂uxx

)
− Dy

(
∂ L̆

∂uxy

)

− D2
xDy

(
∂ L̆

∂uxxxy

)]
+ Dx(W)

[
∂ L̆

∂uxx
+ DxDy

(
∂ L̆

∂uxxxy

)]

+ Dy(W)

[
∂ L̆

∂uxy
+ D2

x
∂ L̆

∂uxxxy

]

+ D2
x(W)

[
−Dy

(
∂ L̆

∂uxxxy

)]
+ D2

xDy

[
∂ L̆

∂uxxxy

]
,

My = ξ yL̆ + W

[
∂ L̆

∂uy
− Dx

(
∂ L̆

∂uxy

)
− Dt

(
∂ L̆

∂uxt

)

− D3
x

(
∂ L̆

∂uxxxy

)]
+ Dx(W)

[
∂ L̆

∂uyx
+ D2

x

(
∂ L̆

∂uxxxy

)]
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+ D2
x (W)

[
−Dx

∂ L̆

∂uxxxy

]
+ D3

x

[
∂ L̆

∂uxxxy

]
,

Mz = ξ zL̆ + W

[
∂ L̆

∂uz
− Dz

(
∂ L̆

∂uzz

)]
+ Dz(W)

[
∂ L̆

∂uzz

]
. (44)

We have shown in the previous subsection that v = c
(constant). We have taken v = 1 for convenience in
calculations.

•Remark We calculated conservation laws for each
generator, finding non-trivial conservation laws will be
of importance to us. Since div(M) = 0 for each u =
u(x, y, z, t) function with M = (Mt ,Mx ,My ,Mz), conser-

vation laws derived for generators Ṽ4 = ∂

∂u
, Ṽ5 = z

∂

∂u

and Ṽ6 = ∂

∂x
are trivial. In [6], this is called the second

type of triviality.

– Case 1

For Ṽ = ∂

∂t
.

The associated Lie characteristic function is pro-
vided asW = −ut .
Thus the conservedvector via Equation (44) has the
following components:

Mt = (−uxxxy − 3uxxuy − 3uxyux + 3uxyut),

Mx = −3uxyut + 3uxt + 3uytux + uxxyt ,

My = 3uxyut − 3uxxut + 3uxtux − utt + uxxxt ,

Mz = −3uzt .

– Case 2

For Ṽ = ∂

∂y
.

The associated Lie characteristic function is pro-
vided asW = −uy .
Thus the conservedvector via Equation (44) has the
following components:

Mt = −uyy ,

Mx = 3uxy + 3uxuyy + uxxyy + 3uxyuy ,

My = 0,

Mz = −3uyz .

– Case 3

For Ṽ = ∂

∂z
.

The associated Lie characteristic function is pro-
vided asW = −uz .
Thus the conservedvector via Equation (44) has the
following components:

Mt = −uyz ,

Mx = 3uxzuy + 3uxz + 3uyzux + uxxyz ,

My = 3uxzux + uxxxz − uzt ,

Mz = uyt − uxxxy − 3uxyux − 3uzz .

– Case 4

For Ṽ =
(−2u

3
− 2y

3

)
∂

∂u
+ 2t

∂

∂t
+ 2x

3
∂

∂x
+ z

∂

∂z
.

The associated Lie characteristic function is pro-
vided as

W = −2u
3

− 2y
4

− 2tut − 2x
3
ux − zuz .

Thus the conservedvector via Equation (44) has the
following components:

Mt = −6tuxuxy − 6tuxxuy − 6tuxx − 2tuxxxy

+ 6tuzz − 2
3
uy − 2

3
− 2

3
xuxy − zuzy ,

Mx = 2x
3
uyt + 2xuzz − 2uuxy + 10uxuy + 12ux

− 2xuxyux − 6tuxyut − 3zuxyuz + 12tuxtuy

+ 6zuxzuy + 6tuxuyt + 3zuyzux + 2uxxy + 12tuxt

+ 6zuxz + 2tuxxyt + zuxxyz + 2xuxxuy + 2xuxx ,

My = 4u2x + 6tuxuxt + 4xuxxux + 3zuxzux

− 8
3
ut − 2tutt − 2x

3
uxt − zuzt + 8

3
uxxx + 2tuxxxt

+ 2x
3
uxxxx + zuxxxz + 6tuxxut + 3zuxxuz + 2uuxx ,

Mz = −3zuxuxy − 3zuxxuy − 12tuzt − 3zuxx − zuxxxy

+ zuyt + −3zuzz − 4xuxz − 10uz .

– Case 5

For Ṽ =
(−u

3
− 2y

3

)
∂

∂u
− t

∂

∂t
+ x

3
∂

∂x
+ y

∂

∂y
.

The associated Lie characteristic function is pro-
vided as

W = u

3
− 2y

3
+ tut + x

3
ux − yuy .

Thus the conservedvector has via Equation (44) the
following components:

Mt = 3tuxuxy + 3tuxx + tuxxxy − 3tuzz − 2
3
uy

− 2
3

+ 1
3
xuxy − yuyy ,

Mx = −x

3
uyt − 3tuxtuy − 3tuxuyt + 3yuxuyy

− tuxxyt + yuxxyy − 6tuxt + 6yuxy − xuxxuyx

− xuxx + 3yuxyuy ,

My = −3tuxtux − 3uxxy + 3uzzy − xuxuxx − 4
3
ut

− 2u2x + tutt + x

3
uxt − 4

3
uxxx − tuxxxt − x

3
uxxxx ,

Mz = 6tuzt + uxzx + uz − 6yuyz .

– Case 6

For Ṽ = −6t
∂

∂z
+ z

∂

∂y
.

The associated Lie characteristic function is pro-
vided asW = 6tuz − zuy .
Thus the conservedvector via Equation (44) has the
following components:

Mt = 6tuyz − zuyy − zuyy ,
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Mx = −18tuxzuy − 18tuxz + 3zuxy − 18tuxuyz

+ 3zuxuyy − 6tuxxyz + zuxxyy + 3zuxy ,

My = zuyt − 3zuxxuy − 3zuxx + 3zuzz − 18tuxuxz

− 6tuxxxz − 5zuzz ,

Mz = 18tuxyux + 6tuxxxy − 3zuyz − 3uy + 30tuzz .

7. Conclusion

In Figure 1 we examined how the kink wave profile for
u2(x, y, z, t) changed over time. At t = 2, the waves get
smaller and then become stable t = 7.

In Figure 2 as time passes, the annihilation of amulti-
soliton for u3(x, y, z, t) has been observed. After t = 7,

Figure 1. 3D annihilation forms of a kink-wave profile with c1 = c2 = c3 = c4 = c5 = 1 and z = 1 for u2(x, y, z, t).

Figure 2. 3D annihilation forms of a multi soliton profile with x = 1,a0 = 1,μ = −1 and d = 0.7 for u3(x, y, z, t).

Figure 3. 3D annihilation forms of a king-bright profile with A = 1,a0 = 1,μ = 1 and z = 0.3 for u4(x, y, z, t).
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Figure 4. 3D annihilation forms of a kink-wave profile with a0 = 1,μ = −5, d = 4 and z = −1 for u5(x, y, z, t).

the multisoliton shape is converted into a stable wave
profile.

In Figure 3 we observed the stabilization of the king-
bright profile over time.

In Figure 4 another kink wave profile was seen in a
similar way and was stable at t = 2.5.

In this work, using the WTC Kruskal algorithm, we
examined the Painlavé property of the (3+1) dimen-
sional NHB equation. We have demonstrated that the
compatibility condition does not hold at the k = 6 res-
onance and is not Painlevé integrable. We obtained 9-
dimensional Lie symmetry algebra for Equation (3). We
reduced the NHB equation to the ODE using some gen-
erators and their combination.Then we obtained the
exact group invariant solutions of the NHB equation

using Bernoulli sub-ODE,
1
G′ and modified Kudryashov

methods. Lie symmetry analysis of many important
equations has been studied in the literature, but as a
result of our research, we have seen that the symmetry
analysis of theNHBhas not been studiedbefore. For this
reason, we believe that our results are new, useful and
different from the solutions available in the literature.
On the other hand, we have provided that Equation (3)
is quasi-self- adjoint and for each Lie point generator
we get local conservation laws via Ibragimov’s nonlo-
cal conservation method. In future works, we plan to
discuss non-classical symmetries and the relationships
between symmetries and conservation laws.
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