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Abstract �(1405) is one of the interesting particles with
its unclear structure and distinct properties. It has a light mass
compared to its non-strange counterpart, despite the strange
quark it carries. This situation puts the investigation of this
resonance among the hot topics in hadron physics and col-
lects attention to clarify its properties. In this study, we focus
on the calculation of the mass and residue of the �(1405) res-
onance within the framework of QCD sum rules. We assign
a structure in the form of a molecular pentaquark composed
from admixture of K− meson-proton and K̄ 0 meson-neutron.
Using an interpolating current in this form, the masses and
the current coupling constant are attained as m = 1406 ±
128 MeV and λ = (3.35 ± 0.35) × 10−5 GeV6 for /q and
m = 1402±141 MeV andλ = (4.08±1.08)×10−5 GeV6 for
I Lorentz structures entering the calculations, respectively.
The obtained mass values agree well with the experimental
data supporting the plausibility of the considered structure.

1 Introduction

Among the well-know hyperons, the �(1405) has an inter-
esting place due to its peculiar properties, which are not
easy to explain. This particle was first predicted theoreti-
cally in 1959 [1], and its experimental verification came in
1961 [2,3]. After that, there came many experimental reports
for this state, some of which are given in the following
Refs. [4–15]. In the quark mode, this state was predicted
to be a first orbital excited state with uds 3-quark content.
Although this particle carries a strange quark, its unexpect-
edly lower mass than its corresponding non-strange counter-
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parts makes it difficult to be explained by the quark model
with a three-quark structure and to place it in the family of
traditional baryons composed of three quarks. A comparison
between the nucleon sector indicates a mass gap of around
600 MeV between P-wave excitation, N (1535), and ground
state, however, the same gap in the � sector is smaller than
half of that of the nucleon sector. Another apparent distinction
that cannot be explained by the simple quark model occurs in
the mass difference between spin-orbit partners, namely the
mass difference between �(1405) and �(1520) compared
to that of N (1535) and N (1520).

After its announcement, the �(1405) was first investi-
gated by the quark model, placing it into a three-quark baryon
family. However, taking into account this internal compo-
sition, its mass could not be explained by the constituent
quark model [16,17]. In Ref. [16], the mass was obtained as
m ≈ 1600 MeV by conventional quark model. In Ref. [18], a
mass of about 1.7 GeV was predicted by Lattice QCD, which
is higher than the observed one, indicating the exclusion of
the three-quark substructure. This discrepancy has focused
attention on other possible structures. Due to its proximity
to the K̄ N threshold, the state was suggested to be a K̄ N
molecular-type bound state at its first prediction by Dalitz
and Tuan [1], which was made several years before the pro-
posal of the quark model. After the inconsistency of the quark
model’s prediction for the mass of the state, the meson baryon
molecular interpretation was considered in various investi-
gations. In Ref. [19], dynamical coupled-channel model was
used, and the results favored a dominant meson baryon com-
ponent for the structure of the �(1405) state. The meson-
baryon nature was investigated in Ref. [20] by the chiral
unitary approach, and from the analyses of meson-baryon
scatterings, a dominant meson-baryon molecule component
was obtained for the �(1405). The structure and nature of
this state were considered in Refs. [21,22] from its num-
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ber of colors, Nc, behavior in the chiral unitary approach.
The chiral unitary model was also applied in Ref. [23] to
get the electromagnetic mean squared radii of the �(1405)

giving a size larger than that of the ground state of ordinary
baryons. K̄ N bound state structure was also considered in
Refs. [24,25]. In Ref. [26], the coupled-channel Lippmann
Schwinger equation was used to reproduce the properties
of the �(1405) resonance. In Ref. [27], a possibility for a
mixed state was suggested for the �(1405) underlying its
possibility to be either a q4q̄ state or its mixture with a q3

state. The investigation using the MIT Bag model [28] pre-
dicted a mass of 1400 MeV for a �∗ state, treating it as
a five-quark state. Pentaquark structure was also taken into
account in Ref. [29] using the constituent quark model, and
�(1405) was interpreted to have a possible structure as a
mixture of the P-wave q2s state and the ground q3sq̄ pen-
taquark state. The possibility of the �(1405) being a pen-
taquark state with J P = 1

2
−

was discussed in the Ref. [30]
using Jaffe and Wilczek’s diquark model. In Refs. [31,32]
�(1405) was considered as a quasi-bound state of N̄ K . The
recent measurements [8,11,14] indicated a distortion from a
single pole, whose reason is not clear yet. Two-pole struc-
ture identified by Ref. [33] initiated studies of pole structure
of the �(1405) region. Analyzing the data provided by the
CLAS collaboration, a chiral unitary framework was applied
in Refs. [34,35], which suggested the existence of two poles.
In the recent experimental investigations by BGOOD collab-
oration [14], ALICE collaboration [36], and GlueX collabo-
ration [37], the two-pole picture was supported. On the other
hand, recent J-PARC data [15] was described by a single
pole, and the Ref. [38] provided a comprehensive analysis
of the experimental data indicated that a single resonance
is sufficient to describe the data, however, the possibility
of a two-pole model is not definitively dismissed. For fur-
ther discussions on this, see the recent Refs. [39–42] and the
references therein. As it is evident, despite numerous inves-
tigations supporting this issue, the two-pole structure of the
�(1405) region remains not entirely certain. This implies that
both the single pole and two-pole structures remain as possi-
bilities. In the current study, we chose to focus on the poten-
tial single pole picture and have analyzed the �(1405) state
accordingly. Based on the need to clarify its obscure nature,
various properties of the �(1405) state, such as its mass and
decays, were investigated using different approaches, see, for
instance, the Refs. [33,34,43–81] and the references therein.

The �(1405) state has been listed as a four-star state in
PDG [82]. On the other hand, as is seen, despite many the-
oretical and experimental affords to explain the nature and
substructure of the �(1405) state, there remains still uncer-
tainty about its nature, and there exists no consensus on its
structure. The possible structures predicted by various meth-
ods up to now, such as the meson-baryon molecule, a compact

four-quark state, or a hybrid baryon, are in need of more sup-
port to justify or refute these probable structures. Therefore,
studying �(1405) to understand its nature is necessary and
also contributes to and improves our understanding of the
QCD at low energy. On the other hand, a recent experimen-
tal investigation measuring the invariant mass spectra of a set
of π±�∓, π0�0, and π−�0 [15] has implied the possibil-
ity of the �(1405) state being a temporary bound state of the
K− meson and the proton. By this motivation in the present
work, we consider a possible pentaquark substructure for this
state in the K− p and K̄ 0n meson-baryon molecular form. To
this end, we apply a successful method, namely the QCD sum
rules [83–85], which gives many predictions over the observ-
ables of the particles consistent with experimental findings.
In Refs. [86–91], to investigate �(1405) state, the QCD sum
rule method was used with different local operator choices
such as formed with the combination of three quarks and a
quark-antiquark pair, π0�0 multiquark interpolating field,
three-quarks, mixing of three-quark and five-quark, a hybrid
one with three-quark-one gluon content, and mixed hybrid
and normal three-quark. The considered method requires a
choice of a proper interpolating current for the state, and
in this work, we chose the one with K− p and K̄ 0n meson-
baryon molecular form. Applying the method, we predict the
mass of the �(1405) whose comparison with experimental
observation sheds light on the nature of the state. Besides,
we also obtain the corresponding current coupling constant,
which serves as an input for the calculation of the form factors
applied in decay width calculations.

The outline of the present work is as follows: In the follow-
ing section, Sect. 2, we provide the details of the QCD sum
rule calculations for the mass and current coupling constant.
Section 3 presents the numerical analyses of the obtained
results. The last section is devoted to the summary and con-
clusion.

2 The QCD sum rule for the �(1405) state

One of the effective ways to clarify the structure of a given
resonance is to account for the mass of the state, consider-
ing a proper structure for the state and its comparison with
experimental observations. To this end, in this work, we con-
sider the �(1405) state in the pentaquark substructure in the
molecular form composed of K− p and K̄ 0n and calculate
the corresponding mass with a choice of the interpolating
current in this form using the QCD sum rule method. In this
method, one initiates the calculations for the mass using the
following correlation function:

�(q) = i
∫

d4xeiq·x 〈0|T {η�(x)η̄�(0)}|0〉, (1)
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where η� is the interpolating current of �(1405) with the
mentioned form and T denotes the time ordering operator.
The current for the �(1405) state is chosen in the molecular
pentaquark form composed of K− p and K̄ 0n, with consid-
eration of the quantum numbers the particle has, and it is
given as follows:

η� = 1√
2
[(ηK−)(ηp) − (ηK̄ 0)(ηn)], (2)

where

ηK− = ūdγ5sd , (3)

ηK̄ 0 = d̄dγ5sd , (4)

ηp =
2∑

i=1

2εabc[uTa C Ai
1db]Ai

2uc, (5)

ηn =
2∑

i=1

2εabc[dTa C Ai
1ub]Ai

2dc, (6)

and C is charge conjugation operator, a, b, c, d are color
indices of the quark fields corresponding to u, d and s
quarks. The current is given in terms of Ai

1 and Ai
2, which

are A1
1 = I, A2

1 = A1
2 = γ5, and A2

2 = β, with β being an
arbitrary parameter that is fixed later from the analyses.

The calculations involve two parts, which are called the
QCD and the physical sides. In the QCD representation,
the results are obtained in terms of QCD parameters such
as quark and gluon condensates, and in the physical part
in terms of physical parameters such as the mass and cur-
rent coupling of the considered state. By matching these two
results, the obtained QCD sum rule gives the physical param-
eters in terms of QCD degrees of freedom. The match of the
results is performed via dispersion integrals using the quark-
hadron duality assumption. To suppress the contributions of
the higher states and continuum, the Borel transformation
and continuum subtraction are applied.

On the hadronic side, a complete set of hadronic states
carrying the same quantum numbers with the state of inter-
est and the corresponding interpolating current is inserted
into the correlation function, and this gives us the hadronic
representation in terms of the mass and the current coupling
constant as

�Had(q) = 〈0|η�|�(q, s)〉〈�(q, s)|η̄�|0〉
m2 − q2 + · · · , (7)

after taking the four-integral over x . In this expression, the
contribution of the lowest state with negative parity is given
explicitly, and those of higher states and continuum are repre-
sented by · · · . The one particle state with momentum q and
spin s is represented by |�(q, s)〉. Note that, in principle, the
positive parity state also contributes to the correlation func-
tion, but it is expected that the mass of this positive parity state
is significantly higher than that of the negative parity state.

To this end, we adjust the continuum threshold, s0, so that
the contribution from the positive parity state is shifted into
the contributions coming from excited states and continuum.
The next step is to write the matrix element 〈0|η�|�(q, s)〉
in terms of the current coupling constant λ and the spinor
u�(q, s) as

〈0|η�|�(q, s)〉 = λu�(q, s). (8)

When we use this matrix element inside the Eq. (7) and per-
form the summation over the spin via∑
s

u�(q, s)ū�(q, s) =�q + m, (9)

we get the hadronic side of the calculation as

�Had(q) = λ2( �q + m)

m2 − q2 + · · · , (10)

which is subsequently obtained as

�̃Had(q) = λ2e− m2

M2 ( �q + m) + · · · , (11)

after the Borel transformation with respect to −q2, where
M2 is the corresponding Borel parameter. The �̃Had(q) is
used to represent the result of the correlator after the Borel
transformation.

As stated, the computation of the physical parameter
within the QCD sum rule method requires another calcu-
lation called the QCD side, which is done through operator
product expansion (OPE). On this side, the correlator given
in Eq. (1) is calculated using the interpolating current given in
terms of the quark fields explicitly. When the quark fields are
contracted via Wick’s theorem, the correlation function turns
into an expression given in terms of the quark propagators,
as in the following equation:

�QCD(q) = i
∫
d4xeiqx4εabcεa′b′c′

1

2
Tr[Sd ′d

u (−x)γ5Ss
dd ′

(x)γ5]

×
{

− Tr[Sbb′
d (x)CSTu

aa′
(x)C]γ5S

cc′
u (x)γ5

+γ5S
ca′
u (x)CSTd

bb′
(x)CSac

′
u (x)γ5

−βTr[Sbb′
d (x)γ5CSTu

aa′
(x)C]γ5S

cc′
u (x)

+βγ5S
ca′
u (x)γ5CSTd

bb′
(x)CSac

′
u (x)

−βTr[Sbb′
d (x)CSTu

aa′
(x)Cγ5]Scc′

u (x)γ5

+βSca
′

u (x)CSTd
bb′

(x)Cγ5S
ac′
u (x)γ5

−β2Tr[Sbb′
d (x)γ5CSTu

aa′
(x)Cγ5]Scc′

u (x)

+β2Sca
′

u (x)γ5CSTd
bb′

(x)Cγ5S
ac′
u (x)

}
+

{
u→d
d→u

}
.

(12)

To carry out the calculations, we need to use the following
quark propagator inside the Eq. (12) explicitly [92,93]

123



428 Page 4 of 12 Eur. Phys. J. C (2024) 84 :428

Sq,ab(x) = iδab
/x

2π2x4 − δab
mq

4π2x2 − δab
〈qq〉
12

+iδab
/xmq〈qq〉

48
− δab

x2

192
〈qgsσGq〉

+iδab
x2/xmq

1152
〈qgsσGq〉

−i
gsG

αβ
ab

32π2x2

[
/xσαβ + σαβ /x

]

−iδab
x2/xg2

s 〈qq〉2

7776
+ · · · , (13)

where subindex q is used to represent u, d or s quark,
a, b = 1, 2, 3 are the color indices, and Gαβ

ab = Gαβ
A t Aab. For

the higher-order operators entering the calculation, the vac-
uum saturation approximation is employed. After the com-
putation of the four-integral over x, the results are obtained
as coefficients of two Lorentz structures, namely �q and I. In
principle, any of these structures can be used for the QCD
sum rule calculation. In this work, we obtain the results from
both structures. Considering these structures, we gather the
coefficients of the same structures from the hadronic and
QCD sides and match them via a dispersion relation. To sup-
press the contributions coming from higher resonances and
continuum and provide better convergence on the OPE side,
we apply the Borel transformation to the results obtained on
both sides. The match of the results of both sides gives

λ2e− m2

M2 = �̃
QCD
/q (s0, M

2),

λ2me− m2

M2 = �̃
QCD
I (s0, M

2), (14)

where �̃
QCD
/q (s0, M2) and �̃

QCD
I (s0, M2) represent the Borel

transformed results obtained for the QCD side for /q and I

structures, respectively. �̃
QCD
/q(I ) (s0, M2) has the form

�̃
QCD
/q(I ) (s0, M

2) =
∫ s0

(3mu+md+ms )2
dse− s

M2 ρ/q(I )(s)

+�/q(I )(M
2), (15)

where the spectral densities, ρ/q(I )(s), and �/q(I )(M2) are
lengthy functions obtained from the computation of the QCD
side and ρ/q(I )(s) = 1

π
Im[�QCD

/q(I ) ]. As examples ρ/q(s), and

�/q(M
2) results obtained for the structure /q are presented in

the Appendix to exemplify the results of the QCD side.
To get the mass of the considered state from Eq. (14),

we get the derivative of both sides with respect to − 1
M2 and

divide the resultant equation by Eq. (14) itself:

m2 =
d

d
(
− 1

M2

)�̃
QCD
/q(I ) (s0, M2)

�̃
QCD
/q(I ) (s0, M2)

, (16)

where �̃QCD(s0, M2) represents the right-hand side of
Eq. (14), namely the Borel transformed results obtained in
the QCD side of the calculation. The threshold parameter s0

participates in the calculation as a result of the continuum
subtraction that is applied using the quark-hadron duality
assumption. With the obtained mass, the current coupling
constant is attained using the relation

λ2 = e
m2

M2 �̃
QCD
/q(I ) (s0, M

2). (17)

The expressions obtained for mass and current coupling
constant are used in the next section to get the numeric values
of these quantities.

3 Numerical analyses

In this section, we obtain the numerical values of the mass and
current coupling constant calculated in the previous section.
To get their numerical values, there are some input parameters
to be used in the results. Some of these input parameters are
provided in Table 1.

However, these do not comprise all the input parameters
that we need. Besides, we need three more auxiliary parame-
ters that enter the calculation due to the Borel transformation,
continuum subtraction, and the interpolating current used,
which are M2, s0, and β, respectively. To fix the working
intervals of these auxiliary parameters, we follow some cri-
teria that are standard for the QCD sum rule calculations.
Among these criteria is the stability of the results with the
variation of these parameters. Another criterion is the one
used to fix the value of the threshold parameter. The thresh-
old parameter is related to the energy of the possible lowest
excited state of the considered one, above which we take the
states as part of the continuum. Requiring the minimum con-
tribution of these states, in other words, demanding a domi-
nant contribution from the considered state compared to the
continuum, we set a proper interval satisfying this condition
from the analyses of the results. Our analyses lead to the

Table 1 The input parameters used in the numerical analyses

Parameters Values

mu 2.16+0.49
−0.26 MeV [82]

md 4.67+0.48
−0.17 MeV [82]

ms 93.4+8.6
−3.4 MeV [82]

〈q̄q〉(1 GeV) (−0.24 ± 0.01)3 GeV3 [94]

〈s̄s〉 0.8〈q̄q〉 [94]

m2
0 (0.8 ± 0.1) GeV2 [94]

〈qgsσGq〉 m2
0〈q̄q〉

〈 αs
π
G2〉 (0.012 ± 0.004) GeV4 [95]
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Fig. 1 Left: Contributions of different dimensions in the QCD side’s result as a ratio of the contribution of each dimension to the total QCD result
at the central value of s0. Right: The pole contribution for different values of s0

interval given as

2.3 GeV2 ≤ s0 ≤ 2.9 GeV2. (18)

For the interval of the Borel parameter M2, the one that
ensures the convergence of the OPE and dominance of pole
is chosen. To this, we seek a region where the contribution
of the higher-order terms on the QCD side is small enough
(sets the lower limit on M2) and the contribution of the lowest
state is dominant over that of the higher states and continuum
(sets the upper limit on M2). To demonstrate the fulfillment
of these requirements, we present the contributions of dif-
ferent dimensions in the QCD side’s result as a ratio of the
contribution of each dimension to the total QCD result in
Fig. 1 considering the results obtained from the /q structure.
We set the lower limit for M2 by analyzing the contributions
of the higher dimensional terms in the OPE and the condition
of the convergence of the obtained series. In the same figure,
we present the pole contribution (PC) as well. We set the
upper limit for the working region of the Borel parameter,
requiring the pole contribution to be at least or greater than
35%, which is a pretty good value for the pentaquark states:

PC(s0, M
2) = �̃QCD(s0, M2)

�̃QCD(∞, M2)
� 35%. (19)

Via the analyses, we fix the window for M2 as

1.5 GeV2 ≤ M2 ≤ 2.0 GeV2. (20)

For the interval of the final parameter, β, the results are
analyzed via a parametric plot in which the variation of the
results is considered as a function of cos θ, where β = tan θ.

From the analyses, the regions with the relative least variation
are chosen, and the obtained regions are as follows:

− 1.0 ≤ cos θ ≤ −0.5 and 0.5 ≤ cos θ ≤ 1.0. (21)

The input and auxiliary parameters are used in the QCD
sum rule results for the mass and the current coupling con-

stant to get their corresponding values. From the calculations,
the following values are obtained:

m = 1406 ± 128 MeV and λ = (3.35 ± 0.35) × 10−5 GeV6,

(22)

for the /q structure and

m = 1402 ± 141 MeV and λ = (4.08 ± 1.08) × 10−5 GeV6,

(23)

for the I structure. As expected, the mass values derived
from these two structures exhibit consistency with each other.
The errors in the results enter the calculations due to the
uncertainties of the input parameters and the determination
of the working windows of auxiliary parameters.

Finally, to show the variations of the obtained mass and
the current coupling constant as a function of the auxil-
iary parameters in the chosen working intervals of the Borel
parameter and continuum threshold, we plot the Figs. 2 and 3
for the results obtained from the /q structure.

As the figures show, the mild variation requirement of the
obtained results in these regions is satisfied as required.

4 Summary and conclusion

Since its first observation, the �(1405) has been one of
the intriguing states, with properties different from those
expected by the quark model. It has attracted interest with
its lightest mass among the negative parity baryons, in spite
of the strange quark it carries. Furthermore, the distortion of
its line shape from a Breit-Wigner form might be an indica-
tion of its exotic nature.

In Ref. [87], this state was considered via the QCD sum
rule method in a multiquark form with a π0�0 interpo-
lating field, which resulted in a prediction of the mass of
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Fig. 2 Left: The dependence of the mass on the Borel parameter M2 at different values of the threshold parameter s0. Right: The dependence of
the mass on the threshold parameter s0 at different values of the Borel parameter M2

Fig. 3 Left: The dependence of the current coupling constant on the Borel parameter M2 at different values of the threshold parameter s0. Right:
The dependence of the current coupling constant on the threshold parameter s0 at different values of the Borel parameter M2

1.419 GeV. In this study, the K− p picture was also consid-
ered and the mass of �(1405) which is consistent with the
experimental data was obtained. In Ref. [88], QCD sum rule
method was applied to see if the �(1405) is a parity part-
ner of the ground state � baryon, and the results based on
the obtained mass predictions indicated this could not be the
case. The mixing of three-quark and five-quark Fock com-
ponents was taken into account in Ref. [89], and the QCD
sum rule analyses resulted in the coupling to the five-quark
operator being much stronger. The QCD sum rule method
was also used with a hybrid state assumption in Ref. [90]
with three-quark-one gluon content, and the corresponding
mass was obtained as m = 1403+33

−32 MeV. In that work, the
�(1405) was also investigated as P-wave ordinary three-
quark state, the predicted mass was m = 1435+32

−31 MeV,

revealing that the hybrid structure has a better consistency
with the experimental mass value [90]. Another prediction
with the QCD sum rule for the �(1405) being a hybrid state
was given in Ref. [91]. All these works, performed with
alternative structures but with predictions consistent with the
experimental observation within the errors, indicate the need

for more investigation for the �(1405) state. To improve
our understanding of this state, it was necessary to consider
this state once more. With this motivation, among the var-
ious suggested structures, in this work, we focused on the
pentaquark one. We adopted an interpolating current in the
molecular form composed of the combination of K− p and
K̄ 0n and predicted the corresponding mass of the state. We
have extracted the mass asm = 1406±128 MeV for /q struc-
ture andm = 1402±141 MeV for I structure, which indicate
that combined K− p and K̄ 0n pentaquark structure leads to a
mass result well consistent with the experimentally observed
one, suggesting that this structure is the most probable one for
the considered state. It is worth noting that the present study
differs from prior investigations that employed the QCD sum
rules method in that the considered structure for the state are
different. All these possible different structures considered in
various studies and the present one have yielded mass predic-
tions in accordance with experimental observations, which
clearly implies the need for further investigations on other
properties of the state with the objective of elucidating its
substructure and reaching a conclusive determination. Such
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additional investigations may provide either supports or dis-
miss the proposed structure and help identify the structure
that most accurately characterizes the state under considera-
tion.

Additionally, we obtained the current coupling constant,
which is λ = (3.35 ± 0.35) × 10−5 GeV6 for /q and
λ = (4.08 ± 1.08)× 10−5 GeV6 for I structure. The current
coupling constant is one of the main inputs that is required to
calculate the physical quantities like different form factors,
decay width, branching fraction, etc. in any weak, electro-
magnetic or strong decays of �(1405). Therefore, it is of
great importance to fix its value for further investigations of
this state. The results obtained in this study may provide valu-
able insights to unravel the nature of this intriguing baryon
resonance.
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5 Appendix: QCD side of the correlation function

In this appendix, to exemplify the results obtained for the
QCD side of the calculation, we choose the /q structure and

present the result of �̃
QCD
/q (s0, M2) obtained after Borel

transformation and continuum subtraction in the following
form:

�̃
QCD
/q (s0, M

2) =
∫ s0

s0,min

dsρOPE
/q (s)e−s/M2 + �/q(M

2),

(24)

where s0,min = (3mu + md + ms)
2 is the minimum energy

required for the creation of the considered particle, �(1405).

The spectral density ρOPE
/q (s) and �/q(M

2) are given as for-
mula

ρOPE
/q (s) = ρpert.(s) +

13∑
N=3

ρDimN(s), (25)

and

�/q(M
2) =

27∑
N=9

�̃DimN . (26)

The functions ρpert.(s), ρDimN(s) and �̃DimN are as follows:

ρpert.(s) = s5(5t2 + 2t + 5)

7 × 52 × 3 × 220π8 ,

ρDim3(s) = (〈s̄s〉 − 2〈d̄d〉)mss3(5t2 + 2t + 5)

5 × 3 × 216π6 ,

ρDim4(s) = 〈g2
s G

2〉 s
3(5t2 + 2t + 5)

5 × 220π8 ,

ρDim5(s) = m2
0

[
4〈s̄s〉 + 〈d̄d〉

(
49 + ln

( s

�2

))]

×mss2(5t2 + 2t + 5)

3 × 218π6 ,

ρDim6(s) = 〈ūu〉2 s
2
[
54π2(t − 1)2 + g2

s (5t
2 + 2t + 5)

]
34 × 214π6

+
(

2〈d̄d〉2 + 〈s̄s〉2
) g2

s s
2(5t2 + 2t + 5)

34 × 215π6

+〈s̄s〉〈d̄d〉 s
2(5t2 + 2t + 5)

3 × 213π4

+〈ūu〉〈d̄d〉 s
2(t2 − 1)

212π4 ,

ρDim7(s) = 〈g2
s G

2〉
[
3〈s̄s〉 − 〈d̄d〉

(
19 − ln

( s

�2

))]

×mss(5t2 + 2t + 5)

32 × 216π6 ,

ρDim8(s) = 〈g2
s G

2〉2 s(7t
2 + 12t + 7)

32 × 220π8 − m2
0〈ūu〉2 s(t − 1)2

3 × 212π4

−m2
0〈ūu〉〈d̄d〉 s(t2 − 1)

3 × 210π4

−m2
0〈s̄s〉〈d̄d〉 s(5t

2 + 2t + 5)

3 × 211π4 ,

ρDim9(s) = m2
0〈d̄d〉〈g2

s G
2〉ms(5t2 + 2t + 5)

34 × 221π6

×
{

91 + 50γE − 50ln
( s

�2

)}

−m2
0〈s̄s〉〈g2

s G
2〉7ms(5t2 + 2t + 5)

3 × 221π6

+g2
s 〈d̄d〉3 ms(5t2 + 2t + 5)

34 × 210π4

123
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+〈d̄d〉〈ūu〉〈s̄s〉ms(t2 − 1)

27π2

−〈d̄d〉2〈ūu〉ms(t2 − 1)

26π2

+〈d̄d〉2〈s̄s〉 g
2
s ms(5t2 + 2t + 5)

34210π4

−〈ūu〉2〈d̄d〉ms
[
54π2(t − 1)2+g2

s (5t
2+2t+5)

]
3429π4

+〈ūu〉2〈s̄s〉ms
[
54π2(t − 1)2+g2

s (5t
2+2t+5)

]
34210π4 ,

ρDim10(s) = 〈d̄d〉2〈g2
s G

2〉 g
2
s (7t

2 + 2t + 7)

34 × 214π6 + 〈ūu〉2〈g2
s G

2〉

×
[
432π2(t − 1)2 + 4g2

s (13t2 + 6t + 13)
]

34 × 216π6

+〈s̄s〉2〈g2
s G

2〉 g
2
s (5t

2 + 2t + 5)

34 × 215π6

+m4
0〈ūu〉〈d̄d〉3(t2 − 1)

213π4

+m4
0〈s̄s〉〈d̄d〉3(5t2 + 2t + 5)

214π4

+〈ūu〉〈d̄d〉〈g2
s G

2〉 (t
2 − 1)

211π4

+〈s̄s〉〈d̄d〉〈g2
s G

2〉 (5t
2 + 2t + 5)

3 × 213π4 ,

ρDim11(s) = 〈d̄d〉〈g2
s G

2〉2 ms(5t2 + 2t + 5)

3 × 217M2π6 ln
( s

�2

)

−m2
0〈d̄d〉3 g

2
s ms(5t2 + 2t + 5)

34 × 210M2π4 ln
( s

�2

)

−m2
0〈ūu〉2〈d̄d〉

×ms
[
54π2(t − 1)2 + g2

s (5t
2 + 2t + 5)

]
34 × 29M2π4 ln

( s

�2

)

−m2
0〈ūu〉〈d̄d〉2 ms(t2 − 1)

27M2π2 ln
( s

�2

)
, (27)

ρmathrmDim12(s) = 0,

ρmathrmDim13(s)

= m2
0〈d̄d〉〈g2

s G
2〉2 ms(5t2 + 2t + 5)

3 × 219M4π6 ln
( s

�2

)

+〈d̄d〉3〈g2
s G

2〉 g
2
s ms(5t2 + 2t + 5)

35 × 212M4π4
ln

( s

�2

)

+〈d̄d〉2〈ūu〉〈g2
s G

2〉 ms(t2 − 1)

3 × 29M4π2 ln
( s

�2

)

+〈d̄d〉〈ūu〉2〈g2
s G

2〉

×ms
[
54π2(t − 1)2 + g2

s (5t
2 + 2t + 5)

]
35 × 211M4π4

ln
( s

�2

)

+ (
m4

0〈d̄d〉〈ūu〉2 + 6m4
0〈d̄d〉2〈ūu〉) ms(t2 − 1)

3 × 29M4π2 ln
( s

�2

)
,

�̃Dim9 = m2
0〈d̄d〉〈g2

s G
2〉25γEmsM2(5t2 + 2t + 5)

3 × 220π6

×
⎛
⎝e

− s0

M2 − 1

⎞
⎠ ,

�̃Dim10 = 0,

�̃Dim11

= m2
0〈d̄d〉3 g

2
s (3 − 2γE )ms(5t2 + 2t + 5)

34 × 211π4

+m2
0〈ūu〉2〈s̄s〉ms

[
27π2(t − 1)2 + 2g2

s (5t
2 + 2t + 5)

]
35 × 210π4

−m2
0〈ūu〉2〈d̄d〉

×ms
[
108(γE−2)π2(t − 1)2+g2

s (2−3γE )(5t2+2t+5)
]

34 × 210π4

+〈d̄d〉〈g2
s G

2〉2 (3γE − 1)ms(5t2 + 2t + 5)

32 × 217π6

−m2
0〈ūu〉〈d̄d〉2 ms(2γE − 5)(t2 − 1)

28π2

+m2
0〈d̄d〉2〈s̄s〉 g

2
s ms(5t2 + 2t + 5)

35 × 211π4
+ m2

0〈d̄d〉2〈ūu〉

×ms(5 − 2γE )(t2 − 1)

28π4 − m2
0〈d̄d〉〈ūu〉〈s̄s〉ms(t2 − 1)

3 × 28π4 ,

�̃Dim12

= (〈d̄d〉4 + 〈ūu〉4 + 〈d̄d〉2〈s̄s〉2) g4
s (5t

2 + 2t + 5)

38 × 29π4

+〈s̄s〉〈d̄d〉〈ūu〉2

[
54π2(t − 1)2 + g2

s (5t
2 + 2t + 5)

]
35 × 26π2

+ (〈s̄s〉2〈ūu〉2 + 2〈d̄d〉2〈ūu〉2)

×
[
54g2

s π
2(t − 1)2 + g4

s (5t
2 + 2t + 5)

]
38 × 28π4

+〈s̄s〉〈ūu〉〈d̄d〉2 (t2 − 1)

3 × 24

+ (〈ūu〉3〈d̄d〉 + 〈ūu〉〈d̄d〉3 + 〈ūu〉〈d̄d〉〈s̄s〉2) g2
s (t

2 − 1)

34 × 26π2

+〈d̄d〉3〈s̄s〉 g
2
s (5t

2 + 2t + 5)

35 × 27π2

−m2
0〈d̄d〉〈s̄s〉〈g2

s G
2〉 (5t

2 + 2t + 5)

3 × 213π4

−m2
0〈d̄d〉〈ūu〉〈g2

s G
2〉

(t2 − 1)

211π4 − m2
0〈ūu〉2〈g2

s G
2〉 (t − 1)2

3 × 213π4 ,

�̃Dim13 = −m2
0〈d̄d〉〈g2

s G
2〉ms(5t2 + 2t + 5)

32 × 219M2s0π6

×
⎡
⎣2s0 + 3

(
M2 + s0ln

( s

�2

))
e
− s0

M2

⎤
⎦

+〈d̄d〉3〈g2
s G

2〉 g2
s ms

36 × 212M2s0π4

×
[
s0(13t2 + 10t + 13) + 3(5t2 + 2t + 5)

×
(
M2 + s0ln

( s

�2

))
e
− s0

M2

⎤
⎦

123
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+〈d̄d〉2〈s̄s〉〈g2
s G

2〉 g2
s ms(t2 + 1)

37 × 213M2π4

+〈d̄d〉2〈ūu〉〈g2
s G

2〉 g2
s ms(t2 − 1)

32 × 29M2s0π2

×
⎡
⎣2s0 + 3

(
M2 + s0ln

( s

�2

))
e
− s0

M2

⎤
⎦

+m4
0〈d̄d〉2〈s̄s〉ms(t2 − 1)

28M2s0π2

×
⎡
⎣−3s0 + 4

(
M2 + s0ln

( s

�2

))
e
− s0

M2

⎤
⎦

−m4
0〈d̄d〉〈s̄s〉〈ūu〉 5ms(t2 − 1)

3 × 211M2π2

+〈d̄d〉〈ūu〉2〈g2
s G

2〉 ms

36 × 214M6s0π4

×
[
s0(t − 1)2(8M4(g2

s + 108π2) − 81m4
0π

2)

+24M4(54π2(t − 1)2 + g2
s (5t

2 + 2t + 5))

×
(
M2 + s0ln

( s

�2

))
e
− s0

M2

⎤
⎦

−m4
0〈d̄d〉〈ūu〉2 ms(t − 1)2

3 × 211M2s0π2

×
⎡
⎣s0 − 4

(
M2 + s0ln

( s

�2

))
e
− s0

M2

⎤
⎦

+〈ūu〉2〈s̄s〉〈g2
s G

2〉g
2
s ms(3t2 + 2t + 3)

35 × 211M2π4

−m4
0〈s̄s〉〈ūu〉2 5ms(t − 1)2

32 × 211M2π2 , (28)

�̃Dim14 = −〈d̄d〉2〈g2
s G

2〉2 g2
s (t + 1)2

36 × 219M2π6

+m4
0〈d̄d〉〈s̄s〉〈g2

s G
2〉 5t2 + 2t + 5

3 × 216M2π4

−m2
0〈d̄d〉3〈s̄s〉g

2
s (5t

2 + 2t + 5)

35 × 28M2π2

+m4
0〈d̄d〉〈ūu〉〈g2

s G
2〉 t2 − 1

214M2π4

−m2
0〈d̄d〉3〈ūu〉 g2

s (t
2 − 1)

34 × 27M2π2

−m2
0〈d̄d〉2〈s̄s〉〈ūu〉 t2 − 1

3 × 24M2

−m2
0〈s̄s〉2〈ūu〉〈d̄d〉 g2

s (t
2 − 1)

34 × 27M2π2

+〈g2
s G

2〉2〈ūu〉2 g
2
s (29t2 + 50t + 29)

36 × 219M2π6

−m2
0〈d̄d〉2〈ūu〉2 g2

s (t − 1)2

36 × 29M2π2

−m2
0〈ūu〉2〈d̄d〉〈s̄s〉

×
[
81π2(t − 1)2 + g2

s (5t
2 + 2t + 5)

]
35 × 27M2π2

−m2
0〈ūu〉2〈s̄s〉2 g2

s (t − 1)2

35 × 29M2π2

−m2
0〈ūu〉3〈d̄d〉 g2

s (t
2 − 1)

34 × 27M2π2 ,

�̃Dim15 = −m2
0〈d̄d〉3〈g2

s G
2〉ms(119t2 + 46t + 119)

36 × 217M4π4

−
(
m2

0〈d̄d〉2〈ūu〉〈g2
s G

2〉 + m6
0〈d̄d〉2〈ūu〉

)

× ms(t2 − 1)

211 × M4π2

−m2
0〈g2

s G
2〉〈d̄d〉〈ūu〉2 ms

36 × 216M4π4

×
[
2592π2(t − 1)2 + g2

s (123t2 + 50t + 123)
]

−m6
0〈d̄d〉〈ūu〉2 ms(t − 1)2

3 × 212M4π2 ,

�̃Dim16 = 0,

�̃Dim17 = 〈g2
s G

2〉2〈d̄d〉3 g2
s ms(t + 1)2

36 × 215M6π4

−m4
0〈g2

s G
2〉〈d̄d〉2〈ūu〉ms(t2 − 1)

213M6π2

+m2
0〈d̄d〉3〈ūu〉2 g2

s ms

39 × 27M6π2

×
[
54π2(t − 1)2 + g2

s (5t
2 + 2t + 5)

]

−〈g2
s G

2〉2〈ūu〉2〈d̄d〉g
2
s ms(3t2 + 2t + 3)

36 × 214M6π4

+m2
0〈ūu〉3〈d̄d〉2 g

2
s ms(t2 − 1)

35 × 25M6

−m4
0〈g2

s G
2〉〈ūu〉2〈d̄d〉 ms(t − 1)2

32 × 214M6π2

−m4
0〈g2

s G
2〉〈ūu〉〈d̄d〉2 ms(t2 − 1)

213M6π2

+m2
0〈ūu〉4〈d̄d〉g

2
s ms(5t2 + 2t + 5)

39 × 28M6π2 ,

�̃Dim18 = 0,

�̃Dim19 = m2
0〈g2

s G
2〉2〈d̄d〉3 g2

s ms(t + 1)2

36 × 216M8π4

−m6
0〈g2

s G
2〉〈d̄d〉2〈ūu〉 ms(t2 − 1)

3 × 214M8π2

+〈g2
s G

2〉〈d̄d〉3〈ūu〉2 g2
s ms

310 × 28M8π2

×
[
54π2(t − 1)2 + g2

s (5t
2 + 2t + 5)

]

123
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+m4
0〈d̄d〉3〈ūu〉2 g

2
s ms(t − 1)2

36 × 26M8

−m2
0〈g2

s G
2〉2〈ūu〉2〈d̄d〉g

2
s ms(3t2 + 2t + 3)

36 × 215M8π4

+〈g2
s G

2〉〈d̄d〉2〈ūu〉3 g
2
s ms(t2 − 1)

36 × 26M8

+m4
0〈d̄d〉2〈ūu〉3 g

2
s ms(t2 − 1)

35 × 25M8

+〈g2
s G

2〉〈d̄d〉〈ūu〉4

×g4
s ms(4M2 + 3m2

0)(5t
2 + 2t + 5)

310 × 211M10π2 ,

�̃Dim20 = 0,

�̃Dim21 = m2
0〈g2

s G
2〉〈d̄d〉3〈ūu〉2 g2

s ms

39 × 210M10π2

+m6
0〈d̄d〉3〈ūu〉2 g

2
s ms(t − 1)2

35 × 29M10

+m2
0〈g2

s G
2〉〈d̄d〉〈ūu〉4 g

4
s ms(5t2 + 2t + 5)

39 × 211M10π2

+m2
0〈g2

s G
2〉〈d̄d〉2〈ūu〉3 g

2
s ms(t2 − 1)

34 × 28M10

+m6
0〈d̄d〉2〈ūu〉3 g

2
s ms(t2 − 1)

34 × 28M10 ,

�̃Dim22 = 0,

�̃Dim23 = m4
0〈g2

s G
2〉〈d̄d〉3〈ūu〉2 g

2
s ms(t − 1)2

35 × 29M12

+m4
0〈g2

s G
2〉〈d̄d〉2〈ūu〉3 g

2
s ms(t2 − 1)

34 × 28M12

−m2
0〈d̄d〉3〈ūu〉4 g

6
s ms(5t2 + 2t + 5)

313 × 23M12 ,

�̃Dim24 = 0, (29)

�̃Dim25 = m6
0〈g2

s G
2〉〈d̄d〉3〈ūu〉2 5g2

s ms(t − 1)2

36 × 211M14

+m6
0〈g2

s G
2〉〈d̄d〉2〈ūu〉3 5g2

s ms(t2 − 1)

35 × 210M14

−〈g2
s G

2〉〈d̄d〉3〈ūu〉4

×5g2
s ms(2M2 + 3m2

0)(5t
2 + 2t + 5)

314 × 26M16 ,

�̃Dim26 = 0,

�̃Dim27 = −m2
0〈g2

s G
2〉〈d̄d〉3〈ūu〉4 g

6
s ms(5t2 + 2t + 5)

313 × 26M16 .

(30)

In the above expressions, t = tan θ, Euler constant γE 

0.577, and � = 0.5 GeV is the QCD scale parameter. The
masses of the light u and d quarks are taken as zero for the
sake of brevity in presenting the results.
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