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Tauberian Theorems for Sequences in
2-Normed Spaces
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Abstract. In this paper we initiate the study of Tauberian theorems
for sequences in 2-normed spaces. We introduce a necessary and suffi-
cient Tauberian condition for (C, 1) summable sequences in such spaces.
Corollaries allow this condition to be replaced by 2-normed analogues of
Schmidt-type slow oscillation condition or Hardy-type two-sided condi-
tion.
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1. Introduction and Preliminaries

The concept of 2-normed spaces was introduced by Géhler [8] in 1964. He
constructed a real valued function of two variables over a vector space which
satisfies certain axioms such that the vector space equipped with this more
general structure becomes a locally convex topological vector space. This no-
tion received the attention of a wider audience after the study of White [23] in
1969. In the mentioned study, he defined convergent sequences and Cauchy se-
quences in 2-normed spaces which lead the birth of theory of 2-Banach spaces.

In the last decade, 2-normed spaces have attained noticeable impor-
tance and popularity from the researchers studying on the summability the-
ory. Firstly, Giirdal and Pehlivan [9,10] presented the statistical convergence
of sequences in 2-normed spaces. Meanwhile, Sahiner et al. [13] defined the
ideal convergence of sequences in such spaces. Later, Savag [14,15] and Das
[5] determined certain new sequence spaces using ideal convergence and Orlicz
functions in 2-normed spaces and examined some of their properties. Also,
several results on statistical convergence and new generalized statistical con-
vergence definitions such as lacunary statistical convergence and A-statistical
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convergence can be found in Belen and Yildirim [1], Cakalli and Ersan [2] and
Dutta and Reddy [7].
Now, we give some basic definitions and notations that are needed in the

sequel.
Let X be a real vector space of dimension d, where 2 < d < oco. A
mapping ||+, || : X x X — R satisfying the following four properties

(i) ||z, y|| = 0 if and only if « and y are linearly dependent;

(i) 2.yl = lly, 2] for all 2,y € X;

(iii) |lax,y|| = |ef||z,y| for all z,y € X and a € R;

(V) [lz,y + 2l < [l yll + [l 2| for all 2,y, 2 € X,
is called a 2-norm on X, and the pair (X, ||-,-||) is called a 2-normed space. In
addition, using the above properties it is easy to obtain that ||z,y| > 0 and
|z, y + az| = ||z, y|| for all z,y € X and o € R.

A trivial example of a 2-normed space is X = R? equipped with the 2-

norm ||z, y|| := area of the parallelogram determined by the vectors x and y
as the adjacent sides, which can be given explicitly by

2, yll = |z1y2 — z2y1|, where x = (z1,22) and y = (y1,y2).
For X = R?, we may define the 2-norm
Iz, yll = max {|z1y2 — zay1|, |21y3 — 23y1], |w2ys — xsy2l},

where * = (21,72,73) and y = (y1,¥2,%3). Then (R3,]-,-||) is a 2-normed
space.
A sequence () in a 2-normed space X is said to converge to L € X (in

2-norm) and written x,, Ilx, L, if

lim ||z, — L,y|]| =0

n—oo
for all y € X. Moreover, (z,) is said to be bounded (in 2-norm) and written
x, = 0(1) if

|lzn,yl <M (n=1,2,...)

for all y € X. Here and in the sequel, M denotes a positive constant possibly
different at each occurrence.

For a given (z,), the sequence (,,) of its arithmetic (also called (C, 1))
means is defined by

1 n
n — — :1,2,... .
o n;xk (n )

We say that a sequence (x,) in a 2-normed space X is (C, 1) summable to
L € X and write z, LK LN L(C,1), if

im [l — Loy =0 1)
for all y € X.
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The following theorem shows that convergence of a sequence in X always
implies its (C, 1) summability to the same value.

Theorem 1. If a sequence (x,) € X is convergent to L € X, then the sequence
(on) of its arithmetic means is convergent to L.

Proof. Suppose convergence of (x,,) to L, then for each € > 0 and y € X there
exists ng € N such that ||z, — L,y|| < €/2 if n > ng and there exists M > 0
such that ||z, — L,y|| < M if n < ng. So, for all y € X we have

1 « 1 «
||0'n_LayH: Ezmk‘_ﬁzlﬁy
k=1 k=1
1 n
= gZ(:Ek: _L)7y
k=1
1 n
< =3 ek — Loyl
k=1
1 no 1 n
==Y llze =Lyl +~ Y llzx — Loy
n n
k=1 k=no+1
noM €
==, + 5"

TL[)M

Since lim,,_, o = 0, there exists n; € N such that |%| < § whenever
n > ny. Therefore, there exists N = max{ng,n1} such that ||o,, — L,y| < e if
n > N. This completes the proof. O

Ezample 1. Let X = R? be equipped with the 2-norm given explicitly by the
formula

|z, yl| = max {|z1y2 — 21, [21y3 — 23y1], |T2y3 — T3y2|}

where z = (21, 23, 23) and y = (y1, Y2, ¥3)-
Define the sequence (z,) € X by

1
Tp = <1+(_1)n72+2 ,1>,

and let y = (y1,¥y2,y3). Then, the sequence (o,) of its arithmetic means of
(z,) can be given by

(n—l n+1

" 2n

, 1) , ifnis odd
n

1 . .
(1, ok 1) , if n is even.

Onp —
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If n is even (0,) = (1,1/2,1) and if n is odd for all y = (y1,92,y3) € R?
. . n—1n —|— 1 1
nh—>Holo ||0n_L7y” nh_}H;OH< ) 11> - (17211> 7(yl7y273/3)

1i
nLH;OH< n 2 0) (y17y27y3)

-3 —Y2 Y1 —Y3 ys’
= llm maxq|— — —|,|—|,|=—
= 0.

Thus, by (1) we conclude that () is (C,1) summable to (1,1/2,1).
On the other hand, if (z,,) is convergent, the limit should be (1,1/2,1).
However, since for y = (0,1,1) € R3

(_1)n+1
2
ﬂ ) |(_1)ny3‘ ) l

2
(*le}

lim ||z, — L,y|| = lim H((—l)",

>O> 9 (y17y27?/3)

(_1)n+1y3
2

n—0o0

= lim max{’(—l)”yz —

|

lim max{(—l)n| A=D",
n—oo

— 140,

the sequence (z,) is not convergent.

Notice that the converse holds only under some suitable condition(s).
Such condition(s) is called Tauberian condition(s) with respect to the summa-
bility method in question and the resulting theorem is said to be a Tauberian
theorem. The name of these theorems goes back to Tauber [21], who was the
first to prove theorems of this type.

Although several research papers have been written by a number of au-
thors dealing with the summability theory in 2-normed spaces, yet Tauberian
theorems for sequences in such spaces remains unctouched. In the present pa-
per, to fill this gap we initiate the study of Tauberian theorems for sequences
in 2-normed spaces.

2. Tauberian Theorems for the (C, 1) Summability

In this section we present our main Tauberian theorem for the (C,1) summa-
bility. Also we establish two classical Tauberian theorems in 2-normed spaces
as corollaries to our main theorem. For the sake of completeness of the paper
we give proofs of theorems in the following section.

Let (p,) and (g,) be increasing sequences of positive integers such that
Pn < ¢ and p, — 00 as n — oo. We write (p,q) € A if the condition
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liminf & > 1 (2)
n— o0 pn

holds.

Theorem 2. Let (x,) be a sequence in a 2-normed space (X,||-,-||). If (xy) is

(C,1) summable to L € X, then (x,,) converges to L if and only if

dn

> (o — )y =0 (3)

k=p,+1

inf limsup
(P,9)EA n—oco ||qn — Pn

forally e X.
A few remarks are appropriate here.

Remark 1. Consider the special case of (3) for p, = n and ¢, = [Mn] with
A > 1, where [ - | means the integer part. In this case, the condition (3) reduces
to

[An]
s 1
s | 57— 2 (=)l =0 @

Also, for 0 < A < 1, Méricz [12] gave the following condition

n

1
inf i — - =0,
0A<1 mnet || — [n] kf[)\nH*l(xn S ?

By using restrictions identical to (4) and (5), Mdricz [12] proved a Tauberian
theorem for the (C, 1) summability of sequences of complex numbers.

Remark 2. Following Schmidt [16] (see also Stanojevi¢ [18]), we say that a
sequence (z,) € X is slowly oscillating in 2-norm if

inf limsup ma T — X =0 6
inflimsup max 2k — zn, Yl (6)

for all y € X, or equivalently,

inf limsup max |@, —zg,y| =0.
0<A<l pooo [An]<k<n

It is plain that (6) is satisfied if and only if
k
|l — zn,y]| = 0 whenever ye€ X and 1< ——1 (k,n—o00). (7)
n

Using € > 0 and A = A(e) > 1, (7) may be written as follows:
To every € > 0 there exists N = N(e) and A = A(e) > 1, as close to 1 as we
wish, such that
[k — 2n,yll < € (8)
whenever y € X and N <n <k < An.
If () is slowly oscillating in 2—norm, then conditions (4) and (5) are
satisfied. In recent years, slow oscillation condition were used in a number of
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Tauberian theorems for real or complex sequences [4,17,19], improper integrals
[3,22] and sequences of fuzzy numbers [20,24].

Remark 3. If the two-sided condition of Hardy-type [11], nAz,, = O(1), where
Az, = x, — Tp—1, holds then (z,,) is slowly oscillating in 2-norm.

Considering the above Remarks, we obtain 2-normed analogues of classi-
cal Tauberian theorems due to Schmidt [16] and Hardy [11], respectively.

Corollary 1. Let (z,) € X be (C,1) summable to L € X. If (x,) is slowly
oscillating in 2—norm, then (x,,) converges to L.

Corollary 2. Let (z,,) € X be (C,1) summable to L € X. If
nAz, = O(1), 9)

then (x,) converges to L.

3. Proofs of Main Results
The following lemmas play basic roles in the proof of our main theorem.

Lemma 1. Let (p,) be an increasing sequence of positive integers such that
Pn — 00 as n — oo. If the sequence (x,) € X is (C,1) summable to L € X,
then (op,, ) converges to L.

Il x

Proof. Assume (x,,) is (C,1) summable to L. That is o, L. Then, since
(0p,) is a subsequence of (a,,), it follows o, LEE O
Lemma 2. Let (xy,) be a sequence in a 2-normed space (X, ||-,-||) which is (C, 1)

summable to L € X. If (p,q) € A, then the sequence

>

" k=pn+1

(DP#J)

also converges to L.

Proof. We verify this lemma by showing that the following 2-norm tends to 0
as n — oo.

H(Dp,q)n — Lyl = H(Dp,q)n +0g, —0q, — L Yl

1 dn Pn dn dn

ka‘i‘*zxk_*zwk_l/y

anpnk_l dn
p 1 qn
n
= — ) T — k+* zp— L,y
Qn_pnqn]; dn pnpnz Z

< L 0q, — O + |log, — L,y -
oy, — p vl + o, ~ Ly
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Hence we attain

DPn
||(Dp,q>n —L,y| < q

n

194, = opsyll + llog, = Loyl (10)
n

Besides, by (2) we have

—1
- <1iminfq" - 1) < 0.

n—o Py

lim sup
n—oo qn — Pn

Therefore the proof follows from Lemma 1, (10) and the (C, 1) summability of
() to L. O

Proof of Theorem 2. Necessity. Suppose (x,,) is convergent to L, whence the
convergence of (0,,) to L follows. Consider arbitrary sequences (p,,) and (gn)
such that (p,q) € A to satisfy (3). Thus by Lemma 2, for all y € X we get

1 an
lim Z (xk —xn),y

n=o | qn = Pn | S
—Frn

1 dn
< lim > @=Ly + lim |lz, — Lyl = 0;

]
—Frn

that is, we get an even stronger conclusion than (3).
Sufficiency. Now, assume that (3) holds. Then, for any given e > 0, there exist
sequences (p,) and (g,) satisfying (p,q) € A such that

dn

D @k —ma)y|| <e (11)

k=pn+1

lim sup
n—oo ||4n — Pn

for all y € X. By (11), the assumed (C, 1) summability of (z,), and Lemma 2,
we conclude

1
limsup ||z, — L, y|| < limsup Z xr — L,y
n—oo

n—o0 qn — Pn

Qn
+ lim sup Z (Tp —zn),y|| < €
n—oo (|4n — Pn kmprl

for all y € X. Since € > 0 is arbitrary, the convergence of (x,) to L follows.

Proof of Corollary 1. Let (z,) be slowly oscillating in 2-norm. So, we get

1 [An] 1 [An]
- E _ < - E _
[/\n] —n k:nJrl(xk $n)7y > [/\’Iﬂ “n Rt Hl'k 1'n7y||
< max |k —zn, Y-

n<k<[An]
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Taking the lim sup of the inequality above as n — o0,
[An]

limsup || —— T — X <limsup ma T — X . (12
lnﬁoop [)\n]_nk;rl( k n)ay = ln*»oopn<k§ff\n]“ k n7y|| ( )

Now, considering the inf of both sides of the (12) for A > 1 we conclude

[An]
B | 2, | 7 Y

for each y € X. Note that (13) is the special case of the condition (3) in
Theorem 2 (see Remark 1). Therefore, the proof is completed.

Proof of Corollary 2. Suppose (9) holds. Then ||nAz,,y|| < M for every y €
X and some positive M. Hence, slow oscillation of (z,,) follows.

k k k
ok — 2yl = || D (@ —zin)y| = || Do Azjy| < D 1Az,
Jj=n+1 Jj=n-+1 Jj=n+1
oM oMo [k k
< > =< > :(—1>M—>O as — — 1.
Jj=n+1 J j=n+1 n n n

Now, the proof is completed by Corollary 1.

4. Extensions of Classical Tauberian Theorems to (H, k)
Summability

In the present section, at first, we remind an obvious generalization of the (C, 1)
summability which is known as Holder or (H, k) summability. Later, we extend
our classical Tauberian results in Sect. 2 to (H, k) method of summability.

A sequence (z,) may not be summable (C, 1), but the sequence (o) may
be summable (C,1), in other words, the iteration of the (C,1) method may
produce a convergent sequence. k-fold application of (C,1) method gives the

sequence (O'y(lk)) as follows:

L, )
w_ ) k=1
0y =4 ni
T, k=0.
Here, if (z,,) is transformed into a convergent sequence after k-fold iteration
process, that is, if
lim ‘aﬁf) — L7yH =0 (14)
n—oo

for all y € X, then we say that (z,) is (H, k) summable to L, and write
o L L(H k).
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Note that (H,0) summability is the ordinary convergence in 2-norm, and
the (H,1) method of summability is equivalent to the (C, 1) summability.

It is worth mentioning that, trivially, (H, k) summability of a sequence
implies its (H,k + 1) summability to the same value where k > 0. However,
the converse is not necessarily true as the following example shows.

Example 2. Let X = R? be equipped with the 2-norm given explicitly by the
formula

[z, yll = |z1y2 — 22p1| where z = (21, 22), and y = (y1,2).
Consider the sequence (z,,) € X, defined by
zn = (2(=1)""'n+ (-1)",0)
and let y = (y1,y2). Taking the first arithmetic mean of (x,,) gives the sequence
on = ((=1)"*0).

Now, applying the same averaging process to the sequence (o,) we get

1
—,0 if n is odd
af): (n’)’ ifniso

(0,0), if n is even.

Therefore, by (14) we obtain that (z,,) is (H,2) summable to (0,0), but not
summable (H,1).

We require the next lemma for the proof of the Theorem 3. The proof of
this lemma is inspired by Dik [6, p. 59].

Lemma 3. If (z,) € X is slowly oscillating in 2-norm, then

1 n
— E kAxyg,y
n

k=1

forally € X.

Proof. Suppose that (x,,) is slowly oscillating in 2-norm. For A > 1 we define

k
wp(z,\) = max Z Azj,y

E<[A
n<k<[An] et

Hence we obtain

k=1 <
) o
< g E kA$k,y < Z?j w[ 11](,7;,/\) <nM,
=0 || i sk =

which completes the proof. O
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Theorem 3. Let (z,) € X be (H, k) summable to L € X. If (xy,) is slowly
oscillating in 2—norm, then (x,,) converges to L.

Proof. First, we prove that if (z,) is slowly oscillating in 2-norm, then so is
the sequence (,). To this end, let € > 0 be given. Then, there exists N = N (¢)
and A = A(e) > 1 such that (8) is satisfied.

Let N <n <k < An. By the definition of (C,1) summability we obtain

1< 1 &
Ho—k_gnayH: %ij_g T,y
Jj=1 j=1
n—k «— 1<
Sl Y
Jj=1 j=n-+1
kE—n < 1 &
S e+ Y - e
n k
=1 j=n+1
kE—n n n 1 k
RS Al Y -
j=1li=j+1 j=n+1
E—n ||w— 1 &
< S |- DAy + 5 3 e -l
= j=n+

Using Lemma 3 and slow oscillation definition of (x,,) in (8) we get
low=omyll = (1= 7) M+ <A=1) (M +e) <e
whenever y € X and N <n < k < An provided that 1 < XA < (1+¢€)/(M +¢).

That is, we get the slow oscillation of (o,,). Applying same procedure above,
we obtain that

(o™ is slowly oscillating for all integer m > 0. (15)
Furthermore, by the assumption since
Or(lk) ll->-1lx L (16)
we have o) Ilx, L(H,1). Then, taking m = k — 1 in (15) and applying
Corollary 1 to the sequence (U(kfl)) yields

Now, considering (16) and (17) and continuing in the same fashion, we con-
clude

IRRIES
op — L.

Consequently, the proof follows from Corollary 1. O
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Theorem 4. Let (v,) € X be (H, k) summable to L € X. If
nAz, = O(1), (18)
then (x,) converges to L.

Proof. Assume (18) holds, then by the definition ||[nAx,,y| < M for each
y € X and M > 0. Besides, we have

nAz, = 0(1) = ndo, = O(1). (19)
Indeed,

InAon, yll =n

1 n 1 n—1

rP DL s DI
1

:n—l (n—1)z Zwk,

1

3

3

= (x"_xk)ay

3 >
_

1 n
=7 Z Axj,y

j=k+1

B
I
-

3

= (] - 1)ijvy

[ V)

3 .

1

<
—n—1

> lljAzy,yl < M
j=2

for each y € X and some M > 0. Taking (19) into account we find that
nAc(™ = O(1) for each integer m > 0. (20)
On the other hand, (H, k) summability of (z,) to L implies

oh=1) 1xp g, (21)

Choosing m = k—1 in (20) and considering (21), we get (H, k—1) summability
of (z,,) to L by using Corollary 2. This also implies

o= Lol pepr ), (22)

Taking (21) and (22) into account and continuing in this way, we conclude

s 0 Lo ).

Therefore, the proof follows from Corollary 2. O
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