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ARTICLE INFO ABSTRACT

Editor: Editor: A. Ringwald Masses and current couplings of the charmonium and bottomonium hybrids Zgc and bgb with spin-parities J € =
0*t*, 0*=, 0°*, 0-~ and 1*+, 1*~, 17F, 17~ are calculated using QCD two-point sum rule method. Computations
are performed by taking into account gluon condensates up to dimension 12 including terms ~ (gf, G>)2. The
parameters of the bottom-charm hybrids ch with quantum numbers JPC = 0%, 0~, 1%, and 1~ are calculated as
well. In computations the dominance of the pole contribution to sum rule results is ensured. It is demonstrated
that all charmonia hybrids decay strongly to two-meson final states. The bottomonium hybrids 0~* and 1=* as
well as the bottom-charm hybrid mesons 0~ and 1-®) may be stable against strong two-meson decay modes.
Results of the present work are compared with ones obtained using the sum rule and alternative approaches.
Our predictions for parameters of the heavy hybrid mesons may be useful to study their various decay channels

which are important for interpretation of ongoing and future experiments.

1. Introduction

It is well known that apart from conventional mesons and baryons,
QCD and parton model do not forbid existence of multiquark states,
glueballs, and hybrid structures. Experimental investigations of last
years allowed one to collect valuable information about tetraquark and
pentaquark candidates. The X resonances presumably composed of four
charm quarks (antiquarks) [1-3], and structures P,(4330), P,(4440),
and P, (4459) [4-6] discovered recently are among promising candi-
dates to tetra- and pentaquarks, respectively.

Charmonium and bottomonium hybrids, i.e., mesons which besides
valence quarks and antiquarks contain also valence gluon(s), as well as
bottom-charm hybrids bgc belong also to a class of exotic states. There
are a few candidates to light hybrid mesons discovered in various ex-
periments. Namely, mesons 7(1400), 7;(1600) and 7;(2105) are such
states. Recently, the BESIII collaboration informed about the isoscalar
vector resonance #,(1855) with exotic quantum numbers J PC = |-+
[71, which was observed in the process J /y — yn,(1855) — ynn'. This
resonance is considering as possible hybrid meson [8-10] though al-
ternative hadronic molecule and/or diquark-antidiquark models were
suggested to explain corresponding experimental data.

There are candidates to hybrid mesons among heavy resonances
as well. Thus, it was argued that the vector resonances y(4230) and
w(4360) may be hybrid charmonium states cgc or their essential com-
ponents [11,12]. Detailed information about numerous resonances that
may be considered as candidates to hybrid quarkonia can be found in
Ref. [13]. The hybrids with baryon quantum numbers are also among
exotic hadrons. The A(1405) discovered many years ago [14] and inves-
tigated by various collaborations as a candidate to such baryon [15-17].

Theoretical studies of hybrid hadrons have long story: Existence of
such states was supposed more than four decades ago in Refs. [18,19].
Interesting results concerning spectroscopic parameters of hypothetical
hybrid particles, their decay and production mechanisms were obtained
at early stages of investigations in the context of different methods
[20-31]. These studies were continued in Refs. [32-52] aimed to re-
fine calculational schemes and methods used in relevant analyses. The
hybrid states were explored by means of QCD sum rule (SR) and lattice
methods, constituent gluon, flux-tube and nonrelativistic field theory
models which form theoretical basis of these investigations.

The wide diversity of obtained results makes relevant problems ac-
tual until now. For instance, in Ref. [33] the masses of the vector
17~ hybrids H, =cgc and H;, = bgb were evaluated by employing SR
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approach. Calculations were performed with (gg G?) accuracy and pre-
dictions my, =4.12 = 479 GeV and my, =10.24 - 11.15 GeV were
made for the masses of these particles. The masses of the same hy-
brids were estimated as (3.36 + 0.15) GeV and (9.70 + 0.12) GeV in
Ref. [36]. The lattice simulations led to the results (4.41+0.02) GeV and
(10.95 £ 0.02) GeV [38,44]. Analyses carried out in Ref. [43] yielded
~4.40 GeV and =~ 10.74 GeV, respectively. Recently, these problems
were addressed in the context of the Born-Oppenheimer effective field
theory (BOEFT) [51]. The authors found that 1™~ states have the masses
(4.011 +£0.030) GeV and (10.6902 + 0.003) GeV, respectively.

The exotic mesons bgc were also in the sphere of researches’ inter-
ests [37,42]. The bottom-charmonium hybrids with quantum numbers

=0%, 07, 1T, 17, 2%, and 2~ were considered in Ref. [37]. Calcu-
lations were carried out using QCD sum rule approach by taking into
account dimension six condensates. The masses of these hybrids were
predicted in the range of 6.8 to 8.5 GeV. The authors analyzed their
possible strong decays including open- and hidden-flavor two-body ex-
clusive channels. In Ref. [42] the mass spectra and decays of the states
bgc with magnetic and electric gluon were investigated by means of the
constituent gluon model.

In the present article, we compute the masses and current cou-
plings of hybrid quarkonia cgc and bgb, and exotic mesons bge with
different spin-parities. Our investigations are performed in the context
of QCD two-point SR method by taking into account nonperturbative
terms proportional to (g§G3)2. The sum rule method is one of effec-
tive and powerful nonperturbative tools in high energy physics. It was
elaborated to study features of conventional hadrons, and analyze their
decay channels [53,54]. But this approach can be employed to investi-
gate exotic hadrons as well [55-57]. It is remarkable that QCD SRs was
successfully applied to investigate the hybrid quarkonia starting from
first years of its invention [24-26].

This paper is structured in the following way. In Sec. 2, we calculate
spectral parameters of the heavy hybrids Zgc and bgb with spin-parities
JPC =0+t 0ot=, 0+, 0-~ and 1**, 17—, 1=F, 17~. Section 3 is de-
voted to analysis of the hybrid mesons bge with quantum numbers

=0%, 07, 17, and 1~. The last section contains our short conclu-
sions.

2. Mass and current coupling of the heavy hybrid quarkonia

The sum rules for parameters of the heavy hybrid states H® = cgc
and H® = bgb can be extracted from analysis of the correlation function

M, () =i / d* 5P (OIT (1, ()T 0)}]0). W

Here J,,(x) is the interpolating current for the particle under considera-

tion, and 7 stands for a time-ordering product of two currents.
For the scalar and vector hybrids with the negative C-parity

0%~ and 17~ the interpolating current has the following form

JPC —

ﬂ

I3 = 8,0, 15> G (004(x), @

whereas for the partlcles with the positive C-parity 0** and 17t it is
given by the expression

n

j'ab
8,0,()7 " 52 Gl ()0p(x). (3

In Egs. (2) and (3), the heavy quark field Q(x) labels ¢ or b quarks.
Here g, is the QCD strong coupling constant, a and b are color indices
and A", n=1,2,..8 are Gell-Mann matrices. The gluon field strength
and its dual tensors are shown by G,’; ,(x) and 6:: ) =€ uvaﬁG"“ﬂ x)/2,
respectively.

Interpolating currents for the pseudoscalar and axial-vector hybrids
are defined by the formulas

Thx) =

200 = 8,007 15> G, ()Qy(), )
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in the case of the states 0=, 1¥~ and

4 aAZb ~n
J, ()= 8,0,(x)y G ()0p(X), (5)

for the particles with quantum numbers 0% and 17+.

Let us consider the current J}i (x) and charmonium hybrids Hg and
Hy with JP€ =0%~ and 17~ as a sample case: Generalization to remain-
ing currents is straightforward. In accordance with methodology of the
sum rule analysis, we first express the correlation function II,,,(p) in
terms of the particles’ physical parameters

piys ) (01J,1 Hs(p)(Hs(p)| 7} |0)

I, (

m2 —-p?
L {0, |Hv<p,e)><Hv(p,e>|J*|0>
—P

where mg and my are the masses of the corresponding hybrids. Here,
the contributions of the ground-level hybrids Hg and Hy are written
down explicitly, whereas effects due to higher resonances and contin-
uum states are denoted by the ellipses. For simplicity of the formulas,
we also replace J! — J -

The Eq. (6) is derived by inserting full set of physical states with
quantum numbers of the hybrids into Eq. (1) and carrying out inte-
gration over x. The expression Hi?ys(p) can be further simplified by
expressing the matrix elements in terms of the masses and current cou-
plings of Hq and Hy,

(O, |Hs(p)) = fspy» (Ol | Hy(p,€)) =my fye,, @)

with fg and fy being the current couplings of the hybrids, and ¢, — the
polarization vector of Hy,.

Having substituted these matrix elements into Eq. (6), it is not diffi-
cult to find

2 2 72
- S my fy pup
. (p) = 25 PPy =g+ |+ ®)
mg—p my —p p

As is seen, the correlator HW *(p) contains two Lorentz structures 8y
and p,p,, which may be employed to derive the SRs of interest. The
term proportional to g, receives contribution only from the vector par-

ticle. Therefore, the relevant amplitude thyg(pz) can be safely used to

get sum rules for my and fy. To isolate the contribution of the scalar
state, it is convenient to multiply Hilays(p) by p*p¥/p? which leads to

_ 2f2
D0 s ) = TP ) = 12 +

2-+-~-. )

The correlation function after this operation contains only trivial
Lorentz structure proportional to I. We denote corresponding invari-
ant amplitude by thys(pz), and use it to obtain the SRs for parameters
mg and fg.

The QCD side of the sum rule is determined by Eq. (1) calculated by
employing the explicit expressions of the interpolating currents and re-
placing contractions of heavy quark fields with relevant propagators.
The correlator obtained by this manner should be computed in the
operator product expansion (OPE) with some accuracy. After these op-
erations, the correlation function I1,,, (p) acquires the form

OPE
M%E(p)
ie 0 ﬂ{:‘ sa p . ﬂnbim, , , ’
S i 4v < /d4xe’”"—a 4“ YTy Sé”(—x)Vg}’sSg (X)J/675]
x (082G (x)G"*'7 (0)]0), (10)

where Sg’ (x) is the propagator of the Q = ¢ (b) quark. In present article,
we use the following expression for the propagators Sgb (x)
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s =i [ LY s f 2o (o)
o (2”)4 K2 — m?
(]
_ 8,Ga) oup (K+mg) + (K+mg) oy
4 (k2 - mé)z

gszG25 k2+mQ]é gSG3 (lé+mQ)

+ 2 ame(kz_mz )4 48 ab(kz_mz )6
o o

x [;é(kz—ssz)qu <2k2—m2Q>] (K +mp) + - } an

Here, we have introduced the shorthand notations

G =G, /2, GP=Gl,GY, GP= ™G G GEe, (12)
where £ are structure constants of the color group SU,(3).
The H,?f E(p) depends on two important factors: One of them is the

trace term with the heavy quark propagators. The propagator Sgb(x)
contains the perturbative component and nonperturbative terms pro-
portional to ngz and g§G3 that after sandwiched between vacuum
states give rise to well known gluon condensates. But there also is a
term ~ gsG “% in the propagator which having multiplied with a simi-
lar component of the second propagator generates additional two-gluon
condensate: All such terms are taken into account.

Another question to be clarified here is connected with the matrix el-
ement (0| ng"“p (x)G'””lﬂ’ (0)|0). Our treatment of this matrix element
is twofold. First, we replace it by the vacuum condensate (ngz) keep-
ing the first term in the Taylor expansion at x =0

2
<g9§ >5nm [ ap o' p ap’ aﬂ] . (13)

(01826 (x)G™7 (0)]0) = gl —gPg

Terms generated by this way correspond to diagrams in which
the gluon interacts with the QCD vacuum. Alternatively, instead of
(0|G"e# (x)G"“’,ﬂ’(O)lo) we use the full gluon propagator in the x-space

onm gﬂﬁr gaa" _ 4xaxa/
2m2x4 x2

+(B.f) o (@ad)-poa—-p <d]. (14)

Contributions obtained by this manner describe diagrams with full va-
lence gluon propagator.
The correlator Hng(p) is also a sum of terms ~ g, and ~ p, p,. The

(016" (x)G™'?' (0)[0) =

amplitude HgPE(pz) that corresponds to the structure g,, is employed
to find the parameters my and fy. The amplitude H(S)PE(pz) extracted

from the correlation function [1°PE(p)
to determine SRs for mg and fg.

=pH p‘/H,?f E(p)/p?* is convenient
Having equated the amplitudes HOPE(pZ) and thyb(pz) and carried
out the Borel transformation and continuum subtraction, we find the
following sum rules

I (M2, 59)
m2 = s 0007 (15)
Hs(Mz,So)
and
emg/MZ
[ = —=—Ts(M?,50), (16)
mg

where IIg(M 2,50) is the amplitude H(S)PE(pz) obtained after the Borel
transformation and continuum subtraction procedures. Here, M2 and
5o are the Borel and continuum subtraction parameters, respectively.
In Eq. (15), we have also introduced the short notation HfS(M 2,50) =
d/d(—=1/M*g(M?, 5).
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The amplitude ITg(M?, s,) has the form
S0
(M2, 59) = / dsp™(s) + Tg(M?), a7

4mé

where ngE(s) is the two-point spectral density. The term IIg(M 2)
stands for nonperturbative contributions calculated directly from
HgPE(pz). Explicit expressions of the functions p(S)P E(s) and Tg(M?)
are rather cumbersome, therefore we do not write down them here.

In the present paper IIg(M?,s,) is computed by taking into ac-
count terms up to dimension 12. The propagator Eq. (11) contains gluon
condensates of different dimensions. The dimension 4 and 6 terms pro-
portional to condensates (g2G?) and (g>G®) appear in final expressions
due to existence of relevant components in the heavy quark propaga-
tor. The terms of 8, 10 and 12 dimensions are calculated by means of
the factorization hypothesis of the higher dimensional condensates. But
this assumption is not precise and violates in the case of higher di-
mensional condensates [58]. Nevertheless, in what follows, we neglect
uncertainties generated by this violation because higher dimensional
contributions themselves are small.

The sum rules for mg and fg contain, as input parameters, gluon
condensates and the mass of ¢ quark. Below, we list their numerical
values

(a,G*/r) = (0.012+0.004) GeV*, (g2G*) =(0.57 +£0.29) GeV°®

m.(u=m;)=(1.27£0.02) GeV, my(u=my) =4.18"00 GeV.  (18)

Above we also present b quark’s mass necessary for analysis of the hy-
brids bgb and bgc. The m, and m, correspond to the running masses
in the MS scheme at the scales u=m, and u =m, [59], respectively.
The condensates {(a,G?/z) and (g? G3) were extracted from analysis of
hadronic processes [53,54,60].

Equations (15) and (16) depend on the parameters M2 and so which
should be chosen to meet requirements of SR analysis. In other words,
they have to ensure the dominance of the pole contribution (PC) in
extracted physical quantities. Convergence of the OPE and stability of
obtained results on M? is among important constraints as well. To keep
under control these features of the SR computations, we employ

pe— MO 50) 19)
T II(M2, )
and
DimN 2
R(M?) = w, (20)

TI(M?2, 5,)

where ITPMN(M?, 50) = Y\ g 10,12 TTP™N is a sum of last three terms in
OPE which are proportional to (gSZGZ)z, (gSZGZ)(ng3) and (g3G3)2,
respectively.

Now, we concentrate on charmonium hybrids Hg and Hy,. In Fig. 1
we plot the mass of the hybrid Hg as a function of the Borel parameter
M?=3-10 GeV? at fixed so. Our numerical computations prove that
in the case of Hg the regions

M? €[3.8,4.8] GeV?, s, € [23,25] GeV?, (1)

meet constraints of SR analysis. Thus, at M2 = 4.8 GeV? and M2 =
3.8 GeV? on the average in s, the pole contribution is PCg ~ 0.5 and
PCg ~0.71, respectively. At M> =3.8 GeV? the nonperturbative contri-
bution is positive and constitutes < 1% of IIg(M?, s,). The narrowness
of the window for the Borel parameter is connected with the strong re-
striction PC > 0.5 imposed on the pole contribution. Dependence of PCg
on the Borel parameter M? is plotted in Fig. 1.

The mass mg and current coupling fg are evaluated as mean values
of these quantities over the regions Eq. (21): They are equal to

mg = (4.06 +0.12 + 0.05 £ 0.01) GeV,



A. Alaakol, S.S. Agaev, K. Azizi et al.

6.0 :
—o— 59=23 GeV?
55) 0 1
—y— 59=24 GeV?
_ 5.0f ) 1
s 50=25 GeV
O 45¢f ]
g€ =
4.0f 1
350 1
3.0 L L L L L L
3 4 5 6 7 8 9 10
M? (GeV?)

PCs

Physics Letters B 854 (2024) 138711

1.0
0.8¢ 1
0.6r 1
0.4r —o— 50=23 GeV? 1
_ 2
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Fig. 1. Mass mg of the scalar J7C =0+~ charmonium hybrid as a function of the Borel parameter (left). The pole contribution PCg vs Borel parameter M? at fixed
5o for the same particle (right). The horizontal line shows a region PC = 0.5. The triangle denotes the point, where the mass mg is extracted.

5.0

45 ]
S
] Y
9 4.0 L
£ —e— 5,=23 Ge\2
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23.0 23.5 24.0 245 25.0
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Fig. 2. Dependence of the mass mg of the hybrid Hg on the Borel M? (left panel), and continuum threshold s, parameters (right panel). The triangles on the plots

fix the position of Hg.

fs=(2.80+0.30+0.18 +0.09) x 1072 GeV?, (22)

respectively. The results in Eq. (22) correspond to the SR predictions at
the point M2 =4.3 GeV? and s, = 24 GeV>. At these values of M2 and
sy the pole contribution is PCg = 0.60, which ensures its dominance
in the obtained results, and proves ground-state character of Hg in a
relevant class of hybrid quarkonia.

Errors of SR computations in Eq. (22) are generated by the choices
of the parameters M2 and s,, ambiguities in the gluon condensate
(a,G?/7) and in the mass m,, respectively. The main sources of theoret-
ical errors in present analysis are the parameters M2, s, and the gluon
condensate (@,G?/r). Uncertainties of the condensate (g>G>) lead to
corrections, which in the cases of mg and g (see, below), for instance,
are equal to +4 x 1070 GeV and < [107°| GeV, respectively, and there-
fore can be safely ignored: Throughout this work, in calculations we
use for (gg’G3) its central value. Another sources of possible errors are
ones due to scale dependence of the gluon condensates and c-quark
mass. But (a,G?/x) is the yu-scale independent quantity, and effects of
m,(u) and (g3G?) rescaling, which can be included into uncertainties
of these quantities, are small and can be neglected as well. The mass mg
is shown in Fig. 2 as functions of the Borel and continuum subtraction
parameters.

The spectroscopic parameters of the vector hybrid JFC = 1=~ can be
extracted from the sum rules Egs. (15) and (16) after evident substitu-
tions Ig(M?, sy) — [y (M2, s,) and (mg, fs) — (my, fy). The graphics
for the mass my and PC,, are depicted in Fig. 3. The mass and current
coupling my, and fy read
my =(4.12+0.11 £ 0.06 + 0.004) GeV,
fy=@.0+£04+02+0.02)x 1072 GeV>, (23)

and have been extracted using the parameters

M? €[4,4.6] GeV?, 5 € [24,26] GeV>. (24)

The quantities my and fy are effectively evaluated at M2 = 4.3 GeV>
and sy =25 GeV?, where PCy ~ 0.58. In Fig. 4 one can see dependence
of the mass my on M? and s,,.

Parameters of the charmonium hybrids with different spin-parities
JPC are moved to Table I. The particles are placed in accordance with
the light and heavy hybrid supermultiplet structures revealed in the
MIT bag model [21,22] and confirmed by the QCD lattice simula-
tions [35]. The hybrids J PC — {(0, 1,2)~*; 1“} composed of S-wave
color-octet diquark cc and an excited gluon J¥C = 1+~ form the light
supermultiplet. In this paper, we have restricted ourselves by analy-
sis of particles J =0, 1, therefore this multiplet contains only three
states ({0, n=+; 1“}. The heavy multiplet of the charmonium hybrids
built of the P-wave diquark cc and a gluon JPC = 1*~ contains mem-
bers JPC = {(0, 13,22,3)*;(0, 1, 2)**} which in our case reduce to four
states JFC = {(0, DH*;(0, 1)++}.

The mass of the charmonium hybrids with spins 0 and 1 change
within the limits 3.56 — 4.64 GeV. The pseudoscalar state 0~" has the
mass (3.56 +0.10) GeV and is a lightest charmonium hybrid. This re-
sult, as well as prediction for the vector particle 1=t within errors
agrees with ones made in Ref. [36]. The situation around the state
17~ is controversial and has been explained above. Our prediction
my = (4.12+0.13) GeV is compatible with 4.12 —4.79 GeV of Ref. [33],
but is considerably larger than (3.36 + 0.15) GeV found in Ref. [36].

In the heavy supermultiplet consisting of four hybrids the masses
change from (4.06 + 0.13) GeV for the scalar 07~ to (4.53 +£0.17) GeV
for the hybrid 0**. The masses of the particles 0** and 1** are con-
siderably lower than ones reported in Ref. [36]. The heaviest state
among considered structures is the charmonium hybrid bearing the
exotic quantum numbers 0~~: Our result for the mass of this state
(4.64 +£0.15) GeV is 0.87 GeV smaller than prediction of [36].
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Fig. 3. The same as in Fig. 1, but for the vector charmonium hybrid J?€ =1"".
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Fig. 4. The mass my, of the vector hybrid Hy as a function of the Borel M? (left panel), and continuum threshold s, parameters (right panel). The diamonds show

positions, where the mass my has been evaluated.

Table I

Mass and current coupling of the hybrid charmonia cgc, their quantum numbers and input parameters used
in calculations. We provide also the masses of the conventional cc mesons [59]. Errors of calculations and
experiments are shown in a compact form, for example, 3.56(09)(04)(01) implies 3.56 + 0.09 + 0.04 + 0.01.

JPC M2 (GeV?) sy (GeV?)  PC(%) Mass (GeV) fx10%(GeV?) Mass of cc meson (MeV)
0+ 3.6-47 19-20 72-50  3.56(09)(04)(01) 3.8(3)(4)(07) 7. : 2983.9(4)

I+t 4-5 23-24 69—50  3.93(10)(07)(007)  4.60(20)(17)(11)  —

1=  4-46 24-26 63-50  4.12(11)(06)(004)  4.0(4)(2)(02) J /w2 3096.900(6)

0t 3.8-438 23-25 71-50  4.06(12)(05)(01)  2.80(30)(18)(09)  —

1=  4-5 25-27 69—50  4.21(15)(07)(004)  4.50(60)(04)(14) A (1P) : 3525.37(14)
ot 4-5 26— 28 75-50  4.53(16)(07)(007)  2.50(90)37)(05)  z.o(1P) : 3414.71(30)
I+ 45-51 26-28 70-59  4.15(09)07)(007)  5.80(50)(10)(14)  z.,(1P) : 3510.67(05)
0~  5-65 30-32 70-50  4.64(14)(06)(01)  4.90(50)(14)(13)  —

Table I also contains information on ordinary cc mesons to compare
a mass hierarchy of normal and hybrid charmonia. As is seen, states 0~"
and 17~ are 6,(07) ~ 0.58 GeV and §,.(177) ~ 1 GeV above the nor-
mal charmonia 7, and J /y. The hybrids 0+, 1~ and 1 are heavier
than the mesons y,,(1P), h.(1P), and y.,(1P): Their masses overshoot
corresponding values approximately by 5,(0t%) ~ 1.12, 6,(177) = 0.69,
and §,(1*%) ~ 0.64 GeV, respectively.

For comparison, the charmonium hybrids’ parameters obtained in
the context of different method are presented in Table II. Besides the
sum rule predictions, we write down there results of BOEFT and QCD
lattice approaches. A relatively nice agreement is observed between the
present analysis and BOEFT from Ref. [51]. The lattice simulations
generate considerably higher outputs [38]. Thus, the mass splitting
between hybrids from the light multiplet and normal charmonia was
found in Ref. [38] of around 1.2 — 1.4 GeV, whereas in the heavy su-
permultiplet this difference amounts to 1.1 — 1.2 GeV, which for many
positions are higher than our estimates.

Information obtained for the masses of the charmonium hybrids
allows us to fix their kinematically allowed two-body strong decay
channels. Here, we consider this problem only qualitatively, with-
out calculation partial widths of fixed modes. The hybrid structures
can decay through open- and hidden-charm exclusive channels. Decay
pattern of the hybrid mesons, their suppressed or preferable modes,
model-dependent selection rules were investigated in many publications
[11,23,27,29,30,45,52].

The all isoscalar hybrid charmonia considered here, can decay
through two-body processes to standard mesons. For example, even the
lightest state 0~* in .S-wave transforms to mesons 7, f,(500). The mass
of the vector hybrid 1=~ makes the .S-wave hidden-charm channel

Hy = J Jw f,(500), (25)

a possible process for this particle. The open-charm P-wave decays

Hy — DD, DyD,, D,D, (26)
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Table II
Predictions for the masses (in GeV units) of the hybrid char-
monia cgc obtained in different articles.

JPC  Thiswork SR [36] BOEFT [51]  Lattice [38]
0™t 3.56(10) 3.61Q21)  3.911(54) 4.279(18)
1=+ 3.93(12) 3.7021)  3.963(38) 4.310(23)
1= 4.12(13) 3.36(15)  4.011(30) 4.411(17)
0t~ 4.06(13) 4.09(23)  4.087(61) 4.437(27)
1= 421(17) 4.53(23)  4.235(35) 4.665(53)
0t 4.53(17) 5.34(45)  4.486(30) 4.591(46)
1" 41511 5.06(44)  4.145(30) 4.518(35)
0™ 4.64(15) 551(50) - -

are among kinematically allowed modes of Hy as well.

The hybrid bottomonia bgb can be studied in accordance with the
scheme outlined above. The differences here are connected with the
mass of b-quark, and a necessity to choose new parameters M2 and s,
in such a way that to satisfy requirements of SR calculations. Our studies
demonstrate that for the bottomonia counterparts of scalar and vector
charmonium hybrids, i.e., for states 0¥~ and 17~ the Borel and contin-
uum threshold parameters have to be fixed in the following limits: for
the scalar particle

M? €[12,13.5) GeV?, s, € [124,126] GeV? 27)

and for the vector state

M? € [12,14] GeV?, s, € [120,125] GeV>. (28)

The mass and current coupling of the structures 07~ and 17~ are equal
to

fiig = (10.12 £ 0.06 + 0.06 £ 0.01) GeV,
fs=(@46+03+0.7+0.2)x 1072 GeV?, (29)

and

iy = (1041 +0.18 £0.08 + 0.012) GeV,
Fy=(120£30£06+04)x 1072 GeV?, 30)

respectively.

Other bgb states are investigated with similar manner: Results ob-
tained for the hybrid bottomonia are collected in Table III and oc-
cupy the mass range of 9.68 — 10.57 GeV. The particles 0~F and 1~*
from the light supermultiplet have the masses (9.68 + 0.21) GeV and
(9.85 +0.14) GeV, which coincide with or are very close to ones from
Ref. [36]. But they are considerably lower than predictions of QCD lat-
tice and BOEFT analyses. In these approaches masses of the hybrids
0~* and 1= were found equal to (10.926 + 0.018) GeV and (10.935 +
0.018) GeV [44], and (10.682 + 0.005) GeV and (10.686 + 0.004) GeV
[51], respectively. In our analysis, the vector hybrid 17~ has the mass
(10.41 +0.20) GeV which agrees with the result of Ref. [33]. But it is
significantly larger than (9.70 +0.12) GeV of Ref. [36], and smaller the
lattice and BOEFT predictions.

For bottomonium hybrids from the light supermultiplet the lat-
tice simulations predict the spin-average mass =~ 10.938 GeV [44].
For particles from the heavy supermultiplet this parameter equals to
10.872 GeV. The Born-Oppenheimer approximation generates the fol-
lowing average masses [51]: The 10.686 GeV and 10.822 GeV for the
light and heavy supermultiplets, respectively. One of features of the lat-
tice and BOEFT spectra is a mass degeneration between the light and
heavy supermultiplets. Comparing these data with our results from Ta-
ble III and corresponding spin-averages 9.98 GeV and 10.425 GeV in
the multiplets, we note approximately 1 GeV and 0.4 GeV mass gaps
between SR and lattice predictions. In other words, for the hybrid bot-
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tomonia the sum rule calculations give an increasing mass spectrum
(see Table IV).

The two-body strong decay channels of the bgh hybrids are ana-
lyzed based on our estimations. The masses of the hybrids 0=+ and 1~
are below thresholds for production of open- and hidden-bottom two-
meson pairs. This conclusion is correct even for upper limits of their
masses. The vector hybrid 17~ can easily decay in .S-wave to mesons
Y(1S) f((500). The scalar particle 07~ has the mass (10.12 + 0.09) GeV
and decays in P-wave to a pair Y(1.5)/(500). Kinematically allowed
two-body decay channels of the remaining heavy charmonium and bot-
tomonium hybrids can be found in Ref. [37] by taking into account the
masses of these particles found in the present work.

3. The heavy hybrid mesons ;gc

In this section, we consider the heavy hybrid mesons bgc and eval-
uate masses of these structures with the spin-parities J* =0+, 0~, 17,
and 1~. Relevant currents can easily be obtained from Egs. (2), (3),
(4) and (5). It is clear that charged hybrids bge can not be classified
by C-parity. But to distinguish particles explored by means of different
currents, we keep formally in parentheses the C-parity of original cur-
rents. The current that corresponds to the hybrids J¥ = 0+ and 1=
is

n

~ - A
T30 = g, ()15 =2 G (X)ey (). (€3)

The scalar and vector particles with J¥ = 0+ and 1= can be inves-

tigated using the current

/‘Ln
T30 = g,by (01" 5 G, (1), (). (32)

The particles 0~ and 17~ are described by the current

n

73 I a Aﬂb n
3,00 = 85b, )y s == G ()ep (X)- (33)
The current

/1"

b

a0 =2,b, ()" =2 G, (0)ey(x), (34)

corresponds to the pseudoscalar and axial-vector hybrids J¥ = 0~}
and 19,

The correlation functions ﬁw(p) to be studied in these cases are

given by Eq. (1) after replacement J ,(x) — .7”(x). Treatment of the rele-
vant correlators does not differ considerably from the analysis presented
in the previous section. Differences appear only in the QCD sides of SRs.
For instance, in the case of the current J (x) the correlator HOPE(p) is
determined by the formula

R
ieygaﬁew;a/ﬂ/

A A
. v ! /
== /d4xe’”x —“b4“ Yy Sy ”(—x)}’gifssfb (X)J/‘S}’s]

x (082G (x)G"*'7' (0)]0). (35)

Parameters of the bottom-charm hybrids obtained using these inter-
polating currents are presented in Table V. As samples, in Fig. 5 we
show masses of the pseudoscalar and vector particles 0~ and 1=,

The masses of the hybrid mesons bgc change in the interval 6.55 —
7.19 GeV. The average masses of hybrids conditionally belonging to the
light multiplet 6.73 GeV are close to 6.9 GeV from Ref. [37] and only
0.4 GeV higher than a mass average of two mesons B, and B;. But our
predictions for the particles from the heavy multiplet are considerably
smaller than results presented there. The spectrum of the hybrid mesons
bge evaluated in the present work is very smooth relative to predictions
of Ref. [37], where the masses vary inside limits 6.83 — 8.48 GeV.

The possible two-body strong decay modes of the hybrids bgc are
determined by thresholds for production of meson pairs with appropri-
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Table III
The same as in Table I, but for the bottomonia hybrids bgb. The masses of the mesons bb are borrowed from Ref.
[59].
JPC M2 (GeV?) s, (GeVH)  PC(%) Mass (GeV) fx10%(GeV?) Mass of bb meson (MeV)
0+t 11-13 110-120  67—50  9.68(20)(07)(012) 9.2(1.9)(0.28)(0.27) My : 9398.7(2.0)
1+ 12-13 115-120  60—51  9.85(11)(08)(01) 8.9(1.0)(0.13)(0.34) -
1= 12-14 120-125  72-51  10.41(18)(08)(012)  12.0(3.0)(0.6)(0.4) Y(1.S) : 9460.40(09)(04)
0t~ 12-135 124-126  66—50  10.12(06)(06)(01) 4.6(3)(7)(2) -
1= 135-145 130—132  56-50  10.46(06)(07)(01) 11.60(60)(13)(42) hy(1P) : 9899.3(8)
0**  13.5-15 125-130  60-50  10.57(08)(08)(02) 19.3(1.6)(0.2)(0.5) Zo(1P) : 9859.44(42)(31)
1"t 125-145  128—130  65-51  10.55(10)(08)(02) 13.4(1.0)(0.07)(0.44)  z,,(1P) : 9892.78(26)(31)
0 12-14 130-135  76-50  10.51(11)(06)(02) 3.90(30)(09)(18) -
8.0 8.0
7.5¢ ] 7.5¢ ]
% 7.01 1s 7.0 ]
Q 3
S s5p— ——— S 65 —— o
B _ 2 - _ 2
£ 60l —o— Sp=55 GeV 1€ 6.0 —e— $p=55.0 GeV 1
—y— 50=56 GeV? —y— 50=57.5 GeV?
550 50=57 Ge\?2 189 50=60.0 GeV?2 1
5'0 L L L L 5.0 L L L L
7.0 7.2 7.4 7.6 7.8 8.0 6.8 7.0 7.2 7.4 7.6 7.8
M? (GeV?) M (GeV?)

Fig. 5. Masses of the pseudoscalar 0~ (left panel) and vector 1= (right panel) hybrids bgc as functions of the Borel parameter. The rectangles on plots note the

hybrid masses.

Table IV _
Masses (in GeV units) of the bottomonium hybrids bgb ex-
tracted in the framework of SR, BOEFT and lattice methods.

JPC Thiswork SR [36] BOEFT [51]  Lattice [44]
0™t 9.68(21) 9.68(29) 10.682(5) 10.926(18)
1= 9.85(14) 9.79(22) 10.686(4) 10.935(18)
17— 1041200  9.70(12) 10.6902(30)  10.952(24)
0t~ 10.12(09) 10.17(22)  10.756(5) 10.935(41)
1T~ 10.46(09) 10.70(53)  10.759(4) 11.062(35)
0t 10.57(12) 11.20(48)  11.012(3) -

I*+  10.55(13) 11.09(60)  10.761(3) 10.921(55)
0=~ 10.51(13) 11.48(75) - -

ate quantum numbers. The hybrids 0~*) and 1= are light particles,
and seem are stable against strong two-body decays to standard heavy
mesons. The next state in the table 1~(-) has allowed channels 1~ —
B:* £((500) and B}y which are its S- and P-wave decay modes, re-
spectively. The hybrid 0%~ transforms to the meson pairs Bf7n and
B!* f((500). The decay channels of the particles 17 and 1t%) are
processes 172 — B**p, BF f,(500), B} w(782) and 17" — BT £,(500).
The particles 0+") and 0= can decay through the modes 0**") — By,
B*D" and 0~ — B} £,(500), B**n.

4. Conclusions

In this article, we have investigated the scalar, pseudoscalar, vector
and axial-vector charmonium and bottomonium hybrids with positive
and negative C-parities in the context of QCD two-point sum rule ap-
proach and extracted their masses and current couplings. We have also
studied the hybrid mesons bgc with the spin-parities J? = 0%, 0-, 1+,
and 1°.

In our calculations, we have taken into account nonperturbative
terms up to dimension 12. The higher dimensional terms despite the

fact that are numerically small may be important to improve the stabil-
ity of SR calculations. We also imposed the strong restriction on the pole
contribution PC > 0.5 which is necessary to extract reliable predictions
for physical quantities under consideration.

Results obtained for the masses of these structures were used to re-
veal their possible two-body strong decay channels. It has been demon-
strated that all charmonium hybrids are unstable against strong decays.
The cgc hybrid 17~ which was predicted to be stable [36], in our case
has the mass my = (4.12 + 0.11) GeV and decays through open- and
hidden-charm channels to different meson pairs.

In the class of the hybrid bottomonia only the particles 0~F and 17F
with the masses (9.68 + 0.21) GeV and (9.85 +0.14) GeV are strong-
interaction stable structures, because their masses are below thresholds
for production of open- and hidden-bottom meson pairs. The exotic
mesons bgc with quantum numbers 0~ and 1= are also stable
against strong two-body decays to standard heavy mesons.

Comparing our results with predictions of Refs. [36,37], we see that
there are differences between them. The discrepancies are essential for
hybrids from the heavy multiplets, although large uncertainties in ex-
tracted masses create overlapping regions for some of particles. In our
view, such deviations are presumably connected with the requirement
PC > 0.5 imposed on the pole contributions in the present analysis.

A nice agreement is achieved with BOEFT results for the charmo-
nium hybrids. In the case of bgh mesons this effective field theory leads
to predictions, especially for the light multiplet, which are higher than
ours. The largest outputs for parameters of the heavy hybrids are gen-
erated by the lattice simulations.

The sum rule analysis performed in the present work and compar-
isons with results of alternative methods are important to shed light on
properties of the exotic hybrid mesons. The predictions obtained for the
spectroscopic parameters of the hybrids can be used in investigations of
strong and electroweak decays of these particles as well as to study their
interactions with other hadrons.
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Table V
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The parameters of the bottom-charm hybrid mesons bgc. The errors are generated by ambiguities in (M’ 2,50)s
(a,G?/x), m,, and m,, respectively. The last column contains masses of the mesons bc. As the mass of the me-
son BF(1S), we use its experimental value [59]. The masses of the remaining bc mesons are theoretical predictions

obtained by means of the relativized quark model [61].

JrC M2 (GeV?) 5, (GeV?)  PC(%)

Mass (GeV)

f % 10%(GeV?) Mass of be meson (MeV)

0 7-38 5557 69-51  6.55(08)(06)(009)(007)  4.9(4)(3)(09)(04) B,(1S) : 6274.47Q27)(17)
- 68-78 55—-60 62-50  6.63(14)(07)(007)(007)  4.50(70)(18)(09)(04)  —

-0 7-83 62—65 71-55  7.01(13)(08)(006)(002)  4.80(60)(05)(11)(07)  B*[B.(13S))] : 6338
0+ 85-94 58— 60 61-53  6.93(07)(05)(006)(006)  2.80(20)(19)(06)(05)  —

1*© 76-86 65— 67 61-50  7.17(09)(07)(005)(004)  5.70(50)(08)(13)(07)  B,(1'P}) : 6750

0+ 810 65— 67 70-50  7.03(12)(08)(008)(005)  8.1(8)(2)(1)(07) B(13P)) : 6706

I+ 8-95 66— 67 65—50  7.12(09)(08)(007)(004)  7.40(50)(06)(14)(08)  B(I3P)) : 6741

0=  78-88 66— 67 62-50  7.19(06)(06)(007)(006)  4.00(20)(13)(08)(06)  —
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