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Abstract
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1 Introduction

Amapg : (M™, g) — (N", h) between two Riemannian manifolds is said to be biharmonic
if it is a critical point of the bienergy functional which is defined by

Ey:C®(M™,N") —> R, Ex(o) :/ Iz @) v,
M
where v, denotes the volume element of g,

T(p) := trace Vo,

is the tension field of ¢ and ¢, indicates the differential of ¢. In [14], the first and second
variation of E, were obtained by Jiang, and he proved that ¢ is biharmonic if and only if the
associated Euler-Lagrange equation

T (p) i= —AT(p) — trace RN (¢, T(9))gs = 0

is satisfied, where 73 is the bitension field and RV denotes the curvature tensor field of N™.
On the other hand, in [2] Caddeo et al. defined a biconservative immersion as an isometric
immersion satisfying the condition

(r2(9), 0x) =0

(see Sect. 2 for details). Obviously, biharmonic immersions are always biconservative. Thus,
the biconservative immersions form a larger family of submanifolds including the biharmonic
ones. In a space form, any hypersurface with constant mean curvature function (CMC) and
any submanifold with parallel mean curvature vector field (P M C) are trivially biconservative.
Therefore, in space forms we will exclude these cases.

In [12], Hasanis and Vlachos classified all biconservative hypersurfaces in E*. They
called such hypersurfaces as H-hypersurfaces. After that, biconservative hypersurfaces and
submanifolds in space forms have been studied by several geometers (see [2, 5, 8, 27],
etc.). For example, in [2], Caddeo et al. classified, from an extrinsic local point of view, all
non-C M C biconservative surfaces in the 3-dimensional space forms N3(c) and proved that
for any c there exists a one-parameter family of such surfaces (see also [11, 12]). From a
global point of view, this study was continued in [19, 21]. Furthermore, P M C biconservative
submanifolds in the product spaces S"” x R and H" x R were studied in [10, 17].

The next step in the study of biconservative submanifolds in space forms is the study of non-
P MC biconservative surfaces in N*(c). This is also motivated by the paper [18], where CM C
biconservative surface in N* (c) were studied, and by [26], where non-CMC but PNMC
biconservative surfaces in E* were classified. The study of C M C biconservative surfaces in
N*(c) proved to be rigid because these surfaces have to be either PMC, when ¢ # 0, or
certain cylinders, when ¢ = 0. On the other hand, the study of non-C M C biconservative
surfaces in N*(c) seems to be very complex and a full classification is hard to achieve in
this case. Therefore, in [26], the authors added the natural hypothesis of being PN M C and
proved that the family of such surfaces is quite large.

In our paper, we continue the work in [26] and investigate intrinsic and extrinsic properties
of (non-CMC) PNMC biconservative surfaces in S*. In Sect.2, we present basic defini-
tions and results that we are going to use. In Sect. 3, we study intrinsic properties of PN M C
biconservative surfaces in S*. In Theorem 3, we prove that if an abstract surface admits two
PNMC biconservative immersions in S*, then these immersions must be congruent. Fur-
thermore, in Theorem 4, we obtain a necessary and sufficient intrinsic condition in order for
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an abstract surface to admit a (unique) P N M C biconservative immersion in S*. Essentially,
that condition says that the level curves of the Gaussian curvature of the surface are circles
with a certain (constant) curvature. The existence of such abstract surfaces is ensured by
Theorem 7 and Proposition 5. In Theorem 7, starting with a solution of a certain O DE, we
construct locally the metric which satisfies the above condition. Alternatively, using appro-
priate coordinates with geometrical meaning, a more explicit form of the metric is given in
Proposition 5. From relation (3.54), we can see that the metric depends of two parameters. In
Sect. 4, we study extrinsic properties of PN M C biconservative surfaces in S*. In particular,
we obtain a local parametrization of our surfaces (see Theorem 8). In the last section, we
prove that the substantial codimension of a P N M C biconservative surface in S”, n > 5, is
equal to 2 (see Theorem 9).

1.1 Conventions and notations

In this paper, all Riemannian metrics are indicated, in general, by the same symbol (-, -).
Sometimes, when there is no confusion, we will omit to indicate the metric. We assume that
the manifolds are connected and oriented, and we use the following sign conventions for the
rough Laplacian acting on sections of the pull-back bundle ¢~! (T N") and for the curvature
tensor field, respectively:

A? = —trace (V“’V“’ — V@)
and
R(X,Y)Z =[Vx,VylZ - Vix v\Z,

where V is the Levi-Civita connection on M.

In order to avoid trivial cases for our study of non-C M C biconservative surfaces M? in
S*, we will assume that the mean curvature function of the surface is positive, its gradient is
different to zero at any point, and M? is completely contained in S*, i.e., for any open subset
of M? there exists no great hypersphere S* of S* such that it lies in S°.

2 Preliminaries

Lety : (M™, g) — (N", h) be an isometric immersion or, simply, let M be a submanifold
in N". We have the standard decomposition of ¢! (T N") into the direct sum of the tangent
bundle TM™ = ¢, (TM™) of M™ and the normal bundle

Nm" = | g (T,M7)"
peM

of M™ in N".

Locally, we can identify M™ with its image by ¢, X with ¢, (X) and V;p(go*(Y) with V}[}' Y,
where V¥ is the Levi-Civita connection on N”*. Now, we recall the Gauss and the Weingarten
formulas

VYY = VxY + B(X,Y),
and

Vn = —4,(X) + Vin,
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2348 S. Nistor et al.

where B € C (©*T*M™ ® NM™) is called the second fundamental form of M™ in N”,
A, € C(T*M™ @ TM™) is the shape operator of M in N" in the direction , and viis
the induced connection in the normal bundle.

In the particular cases when N = S* or N* = E
Levi-Civita connections by VorV, respectively.

The mean curvature vector field of M in N" isdefined by H = (trace B)/m € C (NM™),
where the trace is considered with respect to the metric g. The mean curvature function is
defined by f =|H|.

In this paper, we will assume that H 7 0 at any point, so f is a smooth positive function
on M"™. We will denote E;,, 1 = H/f and Ay = Ag,,,,. Also, alocal orthonormal frame
field in the normal bundle N M™ of M™ in N" will be indicated by {E 41, ..., En}.

We recall now the fundamental equations of submanifolds, i.e., the Gauss, Codazzi and
Ricci equations, that we will use later in this paper:

>, we will denote the corresponding

(RN(X,Y)Z, W) = (R(X,Y)Z, W) — (B(X, W), B(Y, Z)) + (B(Y, W), B(X, Z)),

2.1
(VxAy) (V) = (Vy Ay) (X) = Agp, (V) = Ags, (X) = (RN(X, Y)n)T, 2.2)
and
1
(RN(X, Y)n> = RE(X, Y)n+ B (A)(X),Y) — B (X, Ay(Y)), 2.3)

where X, Y, Z, W e C(TM™)andn € C(NM™).
We also recall the following characterization formulas of biharmonic submanifolds in
Euclidean spheres.

Theorem 1 ([3, 22]) Let M™ be a submanifold in S". Then M™ is biharmonic if and only if

{ A+H +trace B(-, Ag() —mH =0

dtrace AyLy () +m gralel2 =0 (2.4)

For more information concerning biharmonic submanifolds see, for example, [9, 23].
Now, if we fix a map ¢ and let the domain metric vary, we obtain a new functional on the
set G of all Riemannian metrics on M" defined by

Fr:G— R, F(g) = Exp).

Critical points of this functional are characterized by the vanishing of the stress-energy tensor
of the bienergy (see [16]). This tensor field, denoted by S,, was introduced in [13] as

$067) = SI@ P ) + (pn, VE@)X, ¥) = (92X, V(o)
—(p«(Y), Vx1(9)),
and it satisfies
div $ = (12(9), ¢s).

We note that, for isometric immersions, (div $»)* = —1, (<p)T, where 7, ((p)—r is the tangent
part of the bitension field.

A submanifold ¢ : M — N" of a Riemannian manifold N" is called biconservative if
div S, = 0.
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Biconservative surfaces in the 4-dimensional Euclidean sphere 2349

3 Anintrinsic approach

We will study the non-C M C biconservative surfaces with parallel normalized mean curvature
vector field in the Euclidean sphere S* i.e., PN MC biconservative surfaces in S*.
We recall that (see [7]) M2 is a PN MC biconservative surface in S* if and only if

Ajz(grad f) = — f grad f. 3.1
Let us consider
d H
1= grad and E3 = —.
lgrad f| f

Because of orientation, we can consider positively oriented global orthonormal frame
fields {E;, E»} in the tangent bundle TM? and {E3, E4) in the normal bundle N M2,

Clearly, E> f = 0. Denoting A3 = Apg, and A4 = Afg,, we have the following direct
properties of our surfaces, which follow from (2.1), (2.2) and (2.3).

Theorem 2 Let ¢ : (Mz, g) — S* be a PNMC biconservative immersion. Then, the fol-
lowing hold:

(i) The Levi-Civita connection V of M? and the normal connection V+ of M? in S* are
given by

3Ef 3ELf
Vg Ey =Vg E2 =0, Vg E = _ZTEZ’ Vg, Er = ZTEI (3.2)

and
VLE3 =0, VLE4 =0;

(i) The shape operators corresponding to E3z and E4 are given, with respect to { E1, E3}, by

the matrices
_(-f 0 (20
A3_( 0 Sf)’ A4_( 0 —cf3?)

where c is a non-zero real constant;
(iii) The Gaussian curvature K and the mean curvature function f are related by

K=1-3f2-¢2f3, (3.3)

thus 1 — K > 0 on M?;
(iv) The mean curvature function f satisfies

FAS Hlgrad fP 4 L2 - Apt = S =0, (3.4)

(v) Around any point of M? there exists a positively oriented local chart X' = X7 (u, v)
such that

(fox!) @ v =ruv=rw
and f satisfies the following second order O DE

ff - % () - gfz +art+ §c2f5 =0 (3.5)
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and the condition f' > 0. The first integral of the above second-order ODE is
16 16
062—2c%ﬂ”+~§f2+16ﬁ+~58f5:o, (3.6)
where C is a non-zero real constant.

Proof First, using (3.1), we have Az (E|) = — f E and then, since trace A3 = 2 f, we get
Az (E2) =3 fE>.
As VI E; = 0, we have

VYE, =0, R (X,Y)E3=0 and R-(X,Y)Es =0,

forany X, Y € C (TMZ).

From the Ricci equation we obtain B (Eq, E3) = 0, so (A4 (E1), E2) = 0. On the other
hand, since trace A4 = 0, we obtain that the matrix of A4 with respect to {E, E»} is given
by

for some smooth function A on M?2.

If we assume that A = 0 on M?Z, or on an arbitrary open subset of M2, we obtain that
VxE4 = 0 for any X € C(TS*), hence Ey4 is a constant vector field. Then, for any point
p € M?, we can identify (i o ¢)(p) with its position vector in E, where i : S* — E? is the
canonical inclusion, and we have (i o ¢)(p) L Ej4. It follows that (i o ¢)(M) belongs to the
hyperplane that passes through the origin and whose normal is E4. Thus, (M) C S* ¢ §*
and we get a contradiction.

Therefore, A # 0 at any point of an open dense subset of M2. Further, we will work on a
connected component of this dense subset.

In order to obtain a more explicit expression of A, we will use the Codazzi equation. More
precisely, if we consider (2.2) applied for A3 we obtain the connection forms

1 1 SEIf
Wy (E1) =0, w,(E2)= ZT 3.7
Then, from (2.2) applied for n = E4, we get
3AE
Ei=200 0 o
f
So,
EA 3E|f
A 2 f°

which is equivalent to

3
m(mm—imf)=a

Moreover, as E>A = 0and E; f = 0, it follows that the function In |A| —3(In f)/2 is constant,
and therefore

= cf

where ¢ is a non-zero real constant.
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Biconservative surfaces in the 4-dimensional Euclidean sphere 2351

Further, using (3.7), it is easy to see that the Levi-Civita connection of M? is given by
(3.2).

From the expressions of A3 and A4, we have
B(E1, E\) = —fEs +cf**Es, B(E, E2) =3fE3 —cf*Ey,
and, thus, applying the Gauss equation, we obtain the relation between K and f,
K=1-3f2-¢2f3.

From the above formula, we note that the constant ¢ does not depend on the connected
component of that open dense subset of M? where A # 0. Moreover, as all objects are
globally defined and f # 0 at any point of M2, (i)—(iii) hold on the whole M?>.

Next, we need to determine (iv). In order to do this, we recall that

do} (Ey, E2) = K (o' A 0?) (E1, E2) .,
ie.,
E1 (0} (E2)) — Ea (w3 (E1)) — w) (E1, E2]) = K.

Using (3.2) and (3.7), the above relation can be rewritten as

K = 3 4E, (E 7(E, f)?
—sz[ 1(EVf) f— (lf)]

Now, replacing K from (3.3), we get

7 4 4
EV(EVN) [ =7 (L))’ + 32 =4ft =2 f. (338)
From the expression of the Laplacian of f, we obtain

3 3 (E1f)?
Af——El(Elf)-FZ 7

and therefore, (3.8) is equivalent to (3.4). Consequently, we get (iv).
Further, we will see that around any point of M? there exists a positively oriented local
chart X = X/ (u, v) such that

(fox!) v = fwv)=fw

and (3.4) is equivalent to a second order ODE.

Indeed, let pg € M? be an arbitrarily fixed point of M? and let ¥ = y (1) be an integral
curve of E1 with y(0) = po. Let {¢,},cr be the flow of E,. We define the following local
chart

X, v) = ¢ (¥ ) = by (V).
We have
X, 0) =y @),
X{ @, 0) = y'() = E(y @) = E1(u, 0),
X (u,v) =,y (v) = E ($y)(v)) = Ea(u, v)

for any (u, v). Clearly, [X ,{ , X ,f ] is positively oriented.
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2352 S. Nistor et al.

If we write the Riemannian metric ¢ on M? in local coordinates as

g = () =g du* +2g1> du dv + g dv*,

2
=|E* =1, g11(u,0) = 1 and g12(u, 0) = 0. Then, it is easy to see

we get g2 = ’Xff
that

) =
E = X, — 812 X)) =0 gradu,
o

where 0 = o (u, v) = ,/g11 — g%z > 0and o (u,0) = 1.

Let
(f o Xf) u, v) = fu, ).
Since E» f = 0, ie., X{ f =0, it follows that

Ju,v) = fu,0)=fu), VY, v).

[E1. E2] f = (Ve E2 — VE,El) f =0
=Ei(E2f) — E2(Evf),

it follows that E; (E; f) = 0 and, therefore,
’
x/ <i> =0. 3.9
o

Clearly,
f'=E|f =|grad f| > 0.
Then, as X{ f' =0, from (3.9) we obtain Xif (o) =0,i.e.,
ou,v)=0,0)=0(u) =1, Y(u, v)
and
E1 = X] — gnnX/ = gradu. (3.10)

Since f = f(u), from (3.8) and (3.10), we obtain that f satisfies equation (3.5).
Our next objective is to find the first integral of (3.5). First, we note that

! ((f’)2>’ £ ()

2 12 = 172 4 o (3.11)

Then, we multiply (3.5) by f’/ /% and using (3.11), we have

)2 /
(1(f) +§c2f3/2+8ﬁ+—8 ) =

2 172 932

Integrating the above relation and multiplying the result by 2 f7/2, one obtains (3.6). Hence,
we get (v). m]
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Remark 1 In the above proof we have seen that the hypothesis M? is completely contained
in S* implies the condition that the rank of the first normal bundle is equal to 2. In fact, it
is not difficult to check that the converse holds too. Also, from the expression of the shape
operator A3, we note that M2 cannot be pseudo-umbilical at any point.

The next result shows that, given an abstract surface (M 2, g), if it admits a PNMC
biconservative immersion ¢ in S*, then it is unique. In particular, up to the sign, the constant
c is unique, depends on (M 2, g) and it is not an indexing constant. This phenomenon is
different from the case of minimal surfaces in a 3-dimensional space form where, given an
abstract surface (M 2, g) satisfying a certain intrinsic condition, there exists a one-parametric
family of minimal immersions (see [15, 20, 24]).

Theorem 3 [f an abstract surface (M 2, g) admits two PN M C biconservative immersions
in S*, then these immersions differ by an isometry of S*.

Proof Let ¢ : M? — S* and @ M? — S* be two PN MC biconservative immersions.
From Theorem 2 we know that

K=1=-3f-f=1=-3f}-3f, cl.aa#0. (3.12)
It follows that
XK = (—6fi =3} f2) Xfi = (6> —3c3f2) Xfr, X eC(TM?). (3.13)

Let us denote ! E1 = grad f;/ |grad f;| and consider  E> to be the tangent vector field such
that {’ E)} Ez} is a positively oriented global orthonormal frame field in the tangent bundle,
fori =1, 2. From (3.13) we get
grad K = (—6f; —3c? f*) grad f;, i=1,2,
and since grad f; # 0 at any point, we have
grad K  grad f;
|grad K| |grad f;|’

=12

Therefore, 'E; = 2E| = Ey and 'E, = 2E; = E,. We note that E{ and E; do not depend
on the immersion, but only on the surface.
Using the expression of Vg, E1 in (3.2), we have

Eifi  Eif
fi i
By combining the above equation and (3.12) we get f1 = f> and ¢; = ecp, where ¢ = +1.

Therefore, ! Az = 2A3 and A4 = £¢2A4. Now, letus define the vector bundle isomorphism
¥ 1 Ny M? — Ny, M? by

v ('H)=*H, ie, ¢ ('E3)= 2Es, and ¢ ("Es) =& ’Ea.
Then, since f1 = f>, we have

(v (lEa)*l/’(lEﬁ”:(lEmlEﬂ)=5a,3, o, f=3,4,
v (lvi (lEa)) = 2VE (E.) =0, i=12 a=34,
v ('B(Ei. E)j)) = *B(E,.Ej). i j=12
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Thus, from the Fundamental Theorem of Submanifolds (see, for example, [4]), there exists
an isometry @ of S* such that

Do =¢p and Pyym =Y.

[m}

Remark 2 We know that, in fact, E1 and E; belong to the intrinsic geometry of (M2, g).
Moreover, from (3.12) and (3.13) we obtain

3E E K
BEfp o EBK o
4 f

VE,E1 =
B2 4(K—1+ 1?2
Thus, f and then ¢? are uniquely determined by (M 2, g).
We give now another intrinsic property of the domain (M 2, g) of a PN MC biconserva-
tive immersion in S*, which will play a fundamental role in the existence of our isometric
immersions.

Proposition 1 Let ¢ : (M2, g) — S* be a PNMC biconservative immersion. Then,
grad K # 0 everywhere and the level curves of K are circles of M* with positive constant
signed curvature

3E dK
K:,J:_L. (3.14)
4 f 4(K—-1+f?)
Moreover, in the positively oriented local chart x/ =x/ (u, ),
3 /
R AC)
4 fu
and « satisfies the following O DE
3k — 26K%k" = 3’k + T2k’ — 323 — 3263 = 0. (3.15)

Proof We have seen that, since grad f # 0, it follows grad K # 0 and

grad K  grad f
lgrad K|~ |grad f|’
We define
Bo= 89K b ad By —E
= = — N —_ —
1 lerad K | 1 2 2

such that {E 1, Ez} is a positively oriented global orthonormal frame field.

és E, f =0, from (3.3) it follows that E2 K = 0 and so EQK = 0, i.e., the integral curves
of E; are the level curves of K.

We note that {Ez, —E } is positively oriented and taking into account (3.2) and (3.3) we
get

~ |grad K|
Ey=0, VgE =-

4(K -1+ f?)

|grad K| ~

v 4(K -1+ f?)

£ E,, VEZEz = 1-
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Thus,
[5,, Ez] K=0
- b (EIK)
and so E» (ElK) — 0. But this implies
- rad K

Now, as the integral curves of ]5"2 are the level curves of K, it follows that

|grad K |
K= —— o
4(K -1+ f?)
is constant along the level curves of K.
If we consider I' = I'(v) an integral curve of Ez, since ‘Ez‘ = 1, one gets that I" is a

curve parametrized by arc-length.

As [F’ ,—E 1|r] is positively oriented and

VF/F/ = K|r (_EUF) and VF/ (—El) = —K|FF/,

where k|1 is a constant, it follows that I" is a circle of M 2 with constant curvature «.
Therefore, the level curves of K are circles of M2 with constant curvature
|grad K|

TTAK -1+

Finally, if we consider the positively oriented local chart X/ = X/ (u, v) as in Theorem 2,
we immediately note that « (u) = 3 f'(u)/(4 f (1)) and thus

716 4
LA —ir 4 k.
R

Replacing the above relation in (3.5), by a straightforward computation one obtains

l+k2—k 3
czzT——. (3.16)
Next, taking the derivative of (3.16), one gets
0= —k" + 6Kk’ — 4K — 4> + 4i f2, (3.17)

and taking one more derivative, we find
0= —3k" + 18 (')” + 18" — 12" — 362’ +4 (3¢’ +8c2) 2. (3.18)

Finally, from (3.17) and (3.18), by standard computations one obtains that « satisfies (3.15).
O
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Lemma 1 Let (Mz, g) be an abstract surface such that 1 — K > 0 and ¢ be a non-zero real
constant. Then, the polynomial equation

1-K-=3f2-c*f3=0 (3.19)
and the condition f > 0 determine f uniquely.
Proof Let py € M? be an arbitrarily fixed point and consider the polynomial equation

K (po)=1-3x2=¢c*x%,  x>0. (3.20)

Consider the function 4 : (0, c0) — (—o0, 1) given by

h(x)=1-— 3x2 — X3,
Clearly, & is smooth and 2’ (x) < 0 for any x > 0. As

)l(i{‘%h(x) =1 and xli/n;o h(x) = —o0,

we get that i is a smooth diffeomorphism. Therefore, the solution of (3.20) is x =

h=Y (K (po)), i.e., f (po) = h™' (K (po)). Thus, f = h~! o K is a smooth function being
the composition of two smooth functions, it positive and it the unique solution of (3.19). O

Remark 3 From now on, we denote by fx = h=1o K the positive smooth solution of (3.19),
so the relation (3.14) can be rewritten as
|grad K |
4(K—-1+f2)
Proposition 2 Let (Mz, g) be an abstract surface such that 1 — K > 0 and grad K # 0

everywhere. Consider some non-zero real constant ¢ and fx the positive solution of (3.19).
Let

K =—

~ dK -
By =S and By e C(TM?)
|grad K|

be two vector fields on M? such that { Ei, EQ} is a positively oriented global orthonormal
frame field in the tangent bundle T M?. Then, the following conditions are equivalent:

(i) The level curves of K are circles of M? with positive constant signed curvature

|grad K | E\K
CTTAK -1+l A(K-1+1D) G20

(ii) The Levi-Civita connection V of M? is given by
Vi E1 = Vg Ey =0,
E] K
4(K -1+ f2)

- E1K . .
Ve Ei=———————F, Vi Ey=

E;. 3.22
4(K =1+ 12) ! (922)

Proof First, we assume that (i) holds and want to prove (ii). As {Ez, —E 1} is positively

oriented and the level curves of K, i.e., the integral curves of E», are circles of M2 with
constant signed curvature « given in (3.21), it follows that Eox = 0. Thus, we have

E]K ~
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and
E\K ~

Vi 4(K =1+ £2)

o (~1) = o = .

Now, using (3.21) and E» fx = 0, we obtain £» (El K) —0.
We note that
[£1, B2| K = By (B2K ) — B2 (E1K ) =0

= (VEIEZ - VEZ13“1> (K) = (VE_] 12"2) (K).
Therefore, we have (VE.EZ> (K) = <VE]EQ, grad K) = 0, and so (VEIEZ, El) = 0.
Consequently,

Vi Ex=0 and V; E; =0.
Finally, the converse is easy to prove since from the expression of the Levi-Civita connection
we obtain Ez (E 1K ) = 0 and thus Eg/c = 0. Then, we conclude from the Frenet formulas

applied for the integral curves of Es.
O

The following result represents an intrinsic characterization for the existence of PN MC
biconservative immersions in S*.

Theorem 4 Let (Mz, g) be an abstract surface. Then M?* admits locally a (unique) PN M C

biconservative embedding in S* if and only if 1 — K > 0, grad K # 0 everywhere and the
level curves of K are circles of M* with positive constant signed curvature

|grad K |
4(K—1+f2)

where fx is the positive solution of (3.19) for some non-zero real constant c.

K =—

Proof The direct implication has been already proved in Proposition 1. It remains to show
the converse one.
Let

_ dK _
By =0 and By e C(TM?)
|grad K |

be two vector fields on M2 such that {E 1 Ez} is a positively oriented global orthonormal

frame field. Clearly, EzK =0and E 1K =|grad K|. Now, siyce fk is the positive solution
of (3.19), for some non-zero real constant c, it follows that £, fx = 0 and grad fx # O at
any point. We set

d - -
lzw — _E, and Ey = —F»,
lgrad fk|

and it is clear that { E1, E»} is a positively oriented global orthonormal frame field.
Next, let Y = M? x E? be the trivial vector bundle of rank 2 over M2. We define o3 and
o4 by

o3(p) = (p, (1,0)), oa(p) = (p, (0,1)), pe M
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which form the canonical global frame field of Y, by a the metric on Y defined by
a(aa,aﬁ) = (0w, 08) = dup, o, f=3,4,
and by V¢ the connection on Y given by
Vi 0w =0, i=1,2, =34
Clearly, the pair (V¢, a) is a Riemannian structure, i.e.,
X (o, p) = (V40 p) + (0, V4p), X eC(TM?), p,o eC(T),
and the curvature tensor field
R*(Ei,Ej)o, =0, i=12 a=34.
Let us define B : C (TM?) x C (TM?*) — C (Y) by
B (E, E1) = — fxo3 +cfy *os

B (Ey, E2) = B (E2, E1) =0

BY (Ep, Ep) =3 fgo3 — Cf;g/zmx
Consider A§ € C (End (TMQ)), o = 3,4, given by
(AS(Ei),Ej)=(B*(Ei,Ej).0q0), i,j=12 a=34

Itis easy to see that Aj, satisfies, formally, the Gauss, Codazzi and Ricci equations for surfaces
inS*. Therefore, according to the Fundamental Theorem of Submanifolds, locally, there exists
an isometric embedding ¢ : (M 2, g) — S* and a vector bundle isometry ¥ : Y — NM
such that

Viy =%V and B =y o B,

V,ﬁ_ W (o) =¥ (V%i%) =0

B(Ei.Ej)=v (B*(Ei,Ej)), i,j=12 a=34

As the last step, we denote by E, = ¥ (04), @ = 3, 4. With all the above notations we can
see that: the shape operators Ag, = A, with respect to {E, E»}, have the matrices

3/2
_(—-fk O [ S 0

the mean curvature function of the immersion ¢ is f = fx and E3 = H/ f.

Further, by straightforward computations, we obtain that ¢ is a PN M C biconservative
immersion in S* with f > 0 and grad f # 0 at any point. It remains to prove that any open
subset of M? cannot lie in some totally geodesic hypersurface S* ¢ S*, which is equivalent
to prove that the rank of the first normal bundle is equal to 2 because of Remark 1. Now,
since

B(Ei, E\) = —fE3+cf*?Ey, B(E\, E2) =0and B (Ea, Ey) = 3fE3 — cf/*Ey,
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it follows that {B (E1, E1) (p), B (E2, E») (p)} is a basis in NpMZ, forany p € M?. There-
fore, the first normal bundle N defined by

Ny = spanIm(B) = span {B (E1, E1), B (E2, E2)} = span {E3, E4}
has the rank equal to 2. O

Further, we will effectively establish the existence of P N M C biconservative immersions
in S*. As we have seen in Theorem 4, to prove the existence of a such immersion is equivalent
to prove the existence of an abstract surface (M 2, g) such that the level curves of K are circles
with a certain curvature « . For this purpose, the idea is to work with the curvature «, not with
K itself. We will show that « satisfies a third-order O DE (see (3.30)) and it determines the
abstract surface. First, we give

Theorem 5 Let (M 2, g) be an abstract surface such that 1 — K > 0, grad K # 0 everywhere
and the level curves of K are circles of M? with positive constant signed curvature

|grad K |
4(K—1+f2)
where fx is the positive solution of (3.19) for some non-zero real constant c. Then, around
any point of M? there exists a positively oriented local chart XX = XX (u, s) such that

K = —

(KoXK) (u,s) = K(u,s) = K@),

(/c o XK) (u,s) =«(u,s) =«u)
and
K (u) = > ) — ' (u). (3.23)
Moreover, the metric g has the form

g(u,s) = du® + 92(u)ds2,

where
O(u) = ef"() k(1) dr7
and its Gaussian curvature is
9//
K = -2
0 (u)
Proof First, recall that
~ dK ~
By =250 and By e C(TM?)
|grad K|

are two vector fields on M? such that { Ei, Ez} is a positively oriented global orthonormal

frame field.

For the first part of the theorem, let pg € M? be an arbitrarily fixed point of M? and
y = y(u) be an integral curve of E| = grad K /| grad K| with y(0) = po. Let {¢},cr be
the flow of E». We define the following positively oriented local chart

XK, v) = ¢ (y W) = ¢y (v)
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and we have
XK, 0) =y,
XK, 0)=y'(u) = Ei1(yw) = E1(u,0),
X5, v) = ¢,y 0) = Ea (dyw(v)) = Ea(u, v).

Clearly, E\K =| grad K| and E>K = 0. For any u, the curve v — ¢,,(,) (v) is a level curve
of K and so

(K o X&) (u,v) = K(u,v) = Ku),

(K o XK) (u,v) = k(u,v) =ru).
Using (3.22), we get
k= —(ngéz, Ey)
and thus
k' =Eix = —El(VE213?2, Ep)
= (V3 Vi, B2, E) = —(R(E1, E2) Ea, E1) — (V,

=—K — k.

léleEZJEz’ Ey)

For the second part of the theorem, let pg € M? be an arbitrarily fixed point of M2. In
order to find a simpler expression of the metric g on M2, we look for new local coordinates

u and s, where s = v/60(u), 8 (u) > 0, such that X L’f and XSK are orthogonal. The parameter

u remains the same, and we only change homothetically the parameter v of the level curves
of K. Clearly, in the new coordinates, K (u, s) = K («) and « (u, s) = « (u).
So, we consider

XK, ) = Gons (v ) = Gy OW)s).
It is easy to see that XX, 0) = y(u) and
XKwu,00=E1(u,0), XKX@u,s)=0w)Ey(u,s).
Therefore, for any (u, s) we have
gn,0) =1, g 0)=0, gnu,s)=0u).

By some direct computations, we deduce

~ 1 K 8, s) g
Ei(u,s) = 70(u,s) <Xu (u,s) 792@) X (u,s)),
where
2
0(”75) = \/gll(ua S) - glafz(iétu’)s)

and o (u,0) = 1. So, E]K = K'(u)/o(u,s).
_ Further, using the hypothesis that the level curves of K, which are the integral curves of
E,, are circles with constant signed curvature, we get

B K’ (u)
4o (u,s) (K@) — 1+ fZw)’

Kk =k(u,s)=«u) =
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Therefore,
o=o0(u,s) =ocwm) =0,0) =1,

which implies

Erns) = X o) = £20 DX K )
and
2
_ 812(’4, s) .
g u,s) P 1. (3.24)

Using (3.22), we have Vi, E> = (~E1), s0 k- = —(V, Bz, E1). Next,as £y = XK —
g12XK /6%, Ey = XX /6 and
Vxk X =Xy +THXE
after some computations, we reach
_ F212(u, s)
0% (u)

Further, from the expression of the Christoffel symbol in terms of the metric coefficients, we
obtain

k(u) =

9
I, s) = %(u, 5) — 6w)6' (1),

and thus

1 0g12 ,
k(u) = _Qz(u) (W(u, s) —60u)b (u)) .

Taking into account that g1 (u, 0) = 0, from the above relation it follows that
g2, s) = (—0%(wk () + 6w’ (u)) s. (3.25)

Now, if we impose that gj2(u, s) = 0, from (3.24) we have g11(u, s) = 1, and from (3.25)
we get

0'(u)
= ) 3.26
1) < (u) (3.26)
Integrating the above relation, it follows that
0(u) = ef””() Kk(T) dr.

Finally, we obtain that
g, s) = du® + 6> (u)ds>.
From (3.23) and (3.26) or, alternatively, from (2.1) and computing all the Christoffel symbols,
we can see that
0" (u)

K@u) =-— o)

[m}
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Remark 4 Around an arbitrary point pg € M?, we have
XK, v) = X/ (—u, —v),
where XX = XX (u, v) was defined in the first part of the proof of Theorem 5.

Theorem 6 Let (Mz, g) be an abstract surface such that 1 — K > 0, grad K # 0 everywhere
and the level curves of K are circles of M? with positive constant signed curvature

|grad K|
4(K—-1+f2)

where fx is the positive solution of (3.19) for some non-zero real constant c. Then, we have

(3.27)

K =—

K" 4 6k’ + dic + 4ic3

fi= o : (3.28)
2 2k (3" + 14Kk’ + 8k + 8«°) 3.29)
(k" + 6Kk’ + 4K + 4/(3)3/2
and the signed curvature k satisfies the following O DE
3k + 26K%k” = 3’k + 123Kk + 326 + 326 = 0. (3.30)

Proof Let XX = XX (u, s) be the positively oriented local chart defined in Theorem 5. It is
easy to see that from (3.27) we get
—K' —4(K — )k
2
= 3.31
Ik " (3.31)

and, from (3.23) we have
K = —2kk’ —«k". (3.32)

Now, by combining (3.31) and (3.32), we obtain (3.28).

Further, since fx is the positive solution of (3.19), we get

1-3f2-K
= fifg (3.33)
Tk

On the one hand, using the expressions of fx from (3.28) and of K from (3.23), we can infer
that (3.33) is equivalent to (3.29).

On the other hand, taking the derivatives of (3.33) and of (3.28), one gets

3fxfk (1 —K - f)+K'fg =0 (3.34)
and
k" —k'k" + 6K k" + 813K
fxfk = o : (3.35)
K
respectively.
Finally, using (3.23), (3.28), (3.32), and (3.35) in (3.34), we obtain (3.30). ]

Remark 5 We note that, since XX (u, s) = Xf(—u, —s), if we change u by —u, then from
(3.30) we recover (3.15). If k = k(u) is a solution of (3.30), then the set of points where
«'(u) # 0 is open and dense in the domain of k. Moreover, as we have seen in the proof of
Theorem 5, the function 6 from the expression of the metric g is determined up to a positive
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multiplicative constant. By an appropriate change of coordinates, taking into account that the
solutions of (3.30) are invariant under translations of the argument, we can always assume
that the constant is one. Thus, we can assume

O(u) = elo k(@ de |

Now, we are ready to obtain in a constructive way the existence result for PN M C biconser-
vative immersions in S*. This is a kind of a converse of Theorem 6. Starting with a solution
of (3.30), we will define locally a metric that satisfies all the required properties in order
to ensure the existence of a PN M C biconservative immersion in S*. To get the solution of
(3.30) we must consider certain appropriate initial conditions.

Theorem 7 Consider the third order ODE (3.30) and the initial conditions

k(0) = kg
k'(0) = «; (3.36)
k" (0) = kg
such that they satisfy
Ko > 0
kh>—1—kj (3.37)

3 1
—4Ko — O6KkoK — 4Ky < Ky < 3 (—8/(0 — 1dkox) — 8/{8) .

Let k = «(u) be the solution of (3.30) and (3.36) and assume that

k(u) >0
K (u) > =1 —Kk*(u) (3.38)
— i (u) — 6K k' () — 43 () < k" () < 3 (=8k(w) — 14x (W)’ () — 83 (w))

for any u. Define
O(u) = elo ¥ dr (3.39)
and
g(u, s) = du® + 0% (u)ds*. (3.40)

Then, the metric g satisfies
(i) K@) =—u) — ' ();

(ii)) 1 — K > 0;
(iii) grad K # 0 everywhere;
(iv)

o 2k (3" + 14k’ + 8k + 8k¥)
(k" + 6Kk’ + 4K + 4/(3)3/2

is a positive constant;

(v)
2= k" + 6Kk’ + dic + 4i3
K= e
is positive and satisfies
K=1-3f2—-"f3, (3.41)

where ¢2 is given at (iv);
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(vi) The Levi-Civita connection of M? is given by
VEHEl = VEIEZ =0, Vlg"zél = KEZ, VEQEZ = —KE],
where

~ grad K

= d E> e C(TM?
! |grad K| an 2€ ( )

form a positively oriented global orthonormal frame field on M?.

Proof In order to prove (i)—(iii), we first use the expression (3.40) of the metric g = g(u, 5)
and, by standard computation, we deduce that

B 9”(”)
K(u) =— 000)
Then, using (3.39), we get
K@) = —2u) — ' (). (3.42)

Now, since 1 — K = 1 + «? + «/, from the second inequality of (3.38), it is clear that
1-K > 0.
To prove that grad K # 0 at any point, we note that

grad K = K'XK.

Next, we can see that K’ is positive. Indeed, if we take the derivative of (3.42), we obtain
that K’ > 0 if and only if

k" < =2xK’. (3.43)
But, from the last inequality of (3.38), we know that
1
k" < 3 (—8k — 14kk" — 8/(3) ,

thus, in order to prove (3.43), it is enough to show that

1

= (—8k — 14k’ — 8K3) < —2kk’.

3
Furthermore, the last inequality is equivalent to
K> —1—k2,

which is true, according to the second inequality of (3.38). Therefore K’ > 0.
In order to prove (iv) and (v), we set

2 _2ﬁ (3k” + 14k’ + 8k + 8«?)
(k" + 6Kk + 4K + 4/(3)3/2

and
K’ + 6kK’ + dic + 4ic3
e '

From the first and the last inequalities of (3.38), we see that the above two quantities are
positive.

fi =
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Since K satisfies (3.42), by some straightforward computations, we can rewrite c2 as
1-3f2—-K

A= fif (3.44)

Tk

and thus (3.41) holds.
We still have to show that the quantity from the right hand side of (3.44) is constant, i.e.,
its derivative vanishes. Indeed, we first note that

(1—3f,§—1<>’_
I -

3fxfk (1—K — fg)+K'fg =0. (3.45)

Since k # 0, using the definition of f,% and relation (3.42), we have that (3.45) is equivalent
to

if and only if

(26’ + ") (k" + 263" = 3" + 723 + 3267 +3%7) = 0. (3.46)

Furthermore, from (3.43), equation (3.46) is equivalent to the vanishing of its second paren-
thesis. Finally, we note that

3k + 26K 2k" — 3k + 123K + 326 + 3267 = 0
is precisely equation (3.30) that « satisfies.
Therefore, the quantity denoted by ¢? is a positive constant. ~
Further, to prove the last item, we consider the global vector field E1 = grad K/ |grad K |.
Since g(u, ) = du® + 6% (u)ds* and grad K = K'(u) XK it follows that
E, =xK.
Let
~ 1
Ey=—XxKec(rm?).
0 (u)
Clearly, {E 1, Ez} form a positively oriented global orthonormal frame field on M2,
Using the definition of 6, it is easy to see that
A
IO

and, expressing the Christoffel symbols in terms of the metric g, by standard computations
we reach the Levi-Civita connection on M?

Kk (u)

VE]EH:VEIEZZO, VEZE1=KEQ, szE~2:_KEI'

Remark 6 It is not difficult to find examples of triplets (ko, ), «()) that satisfy (3.37).

In the following, from a local point of view (in our context of PNMC biconservative
surfaces in S4), we will show that all non-isometric abstract surfaces (M 2, g) that admit a
PN MC biconservative immersion in S* are determined by the solutions k = « (1) of (3.30).
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Indeed, let (M7, g1) and (M3, g») be two abstract surfaces given by
g1 (uy,s1) =dui + 07 (up)dsi, 6:(0) =1,
where k1 = k1 (u1) is a solution of (3.30) and
g (u2,52) = du3 + 63 (u2)ds3, 62(0) = 1,

where k2 = k7 (u2) is also solution of (3.30). We can give the next result.

Proposition 3 [f there exists an isometry W : (Mlz, gl) — (Mzz, gz), then
(i) W (ui,s1) = (U1 + o, Bs1 +y), where o and y are some real constants and f =
O1(—a) = 1/62(a);

(ii) 02 (uy +a) =01 (u1) /B;
(iii) k2 (u1 + o) = k1 (uy).

Proof Let us consider
Wuy,s) = (', s1), 2y, s1)

an isometry between (M7, g1) and (M3, g2), i.e., U*g» = gi. So, the following relations
hold
2 2

ow! w2
(—) (ur, s1) + <Tm> (u1,31)922 (qﬂ (u1, sl)) =1, (3.47)

oup
B 1( )791( ) S ( )78 ( )2( 1( ))—
ui,s ui,s1)+ ui,s ui,s 07 (v ur,s 0
] 1,51 5 1,51 ] 1,51 5 1,51 1,81

(3.48)

and

awh\’ a2\’
(7;;7) (1, s1) + (?iif) (u1,51) 05 (W' (ur,51)) = 0f (uy) . (3.49)
Moreover, we also know that

Ko (W' (ur,51) = K1 (1) . (3.50)

If we take the derivative of (3.50) with respect to sy, since Kﬁ # 0, we easily obtain that
vl =yl (u1). Further, knowing that the function wl depends only on uy, from (3.48), we
get

w2 w2
— (u1,51) — (u1,51) =0, (3.51)
oup 051
and, from (3.49), we have
w2\’
(aT]> 1,50 05 (W' (1)) = 6F (uy) . (3.52)

Now, as 8 > 0, from (3.51) and (3.52), one obtains that W2 = W2 (s;), and then, from
(3.47), we have

V') =+u+a, acR
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Furthermore, taking the derivative of (3.50) with respect to uy, as K i and Ké are positive, it
follows that (lIJ]), > 0, so

w! (u1) =uy +a, o eR.

From (3.49), we obtain

o N2 8P ()
((\IJ ) (31)) = 7922 @)’

By taking the derivative of the above expression with respect to s1, we get that (\112)/ is
constant and so

V() =psi+y, yeR,

where B is a positive constant given by

0
L C Vi (3.53)
0 (u1 + o)
In particular, using the assumptions that 61 (0) = 6,(0) = 1, we get
=0i1(—a) = .
g 02 (@)
Thus, (i) and (ii) are proved.
Finally, from (3.26) and (3.53),
we can conclude that
2 (U +a) =Ky (uy) .
[m}

Conversely, by a standard argument, we have

Proposition 4 Let (uo; K0, K K(’)’) and (vo; K0, K, K(’)’) be two sets of initial conditions for
(3.30) such that (3.36) holds. Denote by k1 = k1 (u1) and k2 = k3 (u3) the corresponding
solutions. Let g1 = g1 (u1, s1) and go» = g2 (uz, s2) be the associated metrics, respectively.
Then,

W (uy, s1) = (uy — (uo — vo), 51)
is an isometry, that is V*gr = gj.
From the above two results we can conclude that

Corollary 1 From a local point of view, we have a 3-parameter family of non-isometric
abstract surfaces (M 2, g) that admit a PN MC biconservative immersion in S*, indexed by
Ko, k¢, and k(| that obey the initial conditions (3.37).

From a global point of view (again, in our context of P NMC biconservative surfaces
in §*), we can perform a new change of coordinates such that we can see that the abstract
surfaces (M2, g) thatadmita P N MC biconservative immersion in S* form a family indexed
by 2 parameters.
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Proposition5 Lef ¢ : (Mz, g) — S§* be a PN MC biconservative immersion. Then, around
any point of M? there exists a positively oriented local chart X' = X/ (u, t) such that

Ei=X], Ex=f*wx/
and

dr?

32wy 2( ) ’

where f is the mean curvature function. Moreover, if we change the coordinates in an
appropriate way, which allows a global point of view, the metric g can be written as

1

2C2f7/2 _ 19£C2f5 _ 16f4 _ %fz

g(u, 1) = du* +

df? + ! dr?, (3.54)

where C and c are arbitrary non-zero real constants.

Proof Let {E/, E;} be the positively oriented global vector field given in Theorem 2 and let
h be a smooth positive function on M 2 such that E>h = 0. From Theorem 2 we have that
[E1, hE>] = 0if and only if

1

h:Am,

where A is an arbitrary positive real constant.
Therefore, there exists a positively oriented local chart X f = X7 (@, 1) such that

, 1 .
Ey=X] and Ey= X/

It is not difficult to check that up to a translation, we have i = u, where u is the local
coordinate from the chart X/ = X/ (i, v) in Theorem 2. Thus,

1
2 2 2
u,t) =du”+ A dt”.
gu, 1) 200
By an appropriate change of the coordinate 7, we may assume that the constant A is equal to
1, and so, keeping the same notation for the second coordinate, we can rewrite the metric g
as

g(u, 1) =du® + L e

’ FPw
Next, if we perform a new change of coordinates (u, t) — (f = f(u), t), taking into account
that f satisfies (3.6), we infer that the metric g takes the form (3.54). ]

In the end of this section we note that the tangent part of the biharmonic equation has
proved to be not so restrictive. But, if we want to work with both parts of the biharmonic
equation, the situation is very rigid. Indeed, we have

Proposition 6 A PN MC biconservative surface in S* cannot be biharmonic.

Proof Assume that there exists a biharmonic surface M2 in S* which is also PN MC. From
the first equation of (2.4), by some straightforward computations, we get

(Af+10f% —2f)E3 —dcf?Eq = 0.

Since c is a non-zero real constant, it follows that f = 0 and this is a contradiction. O
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4 An extrinsic approach

Let g : (Mz, g) — S* be a PNMC biconservative immersion. Consider i : S* — E3 be
the canonical inclusion and denote

d>:i0(p:M2—>IE5.

Recall that N M? represents the normal bundle of ¢ and, in order to avoid any confusion, we
denote by No M 2 the normal bundle of the immersion ®. Clearly, the two normal bundles
are related by

NoM? = iy (NM?) & span {®)
and we have
Bo(X,Y) = in(B(X,Y)) — g(X, 1)@,  X,Y e C(TM?),

where B¢ denotes the second fundamental form of ®.
For any § € C (NM?), we have A?:(E) = Ag and A = —Id. Recall that {E1, E2} is a

positively oriented global orthonormal frame field in the tangent bundle T M? and {E3, E4}
is a positively oriented global orthonormal frame field in the normal bundle N M?; thus,
{E3, E4, ®} is a positively oriented orthonormal frame field in the normal bundle No M 2
where
= grad / and E3 = E

|grad f f

We recall that we denoted by V and V the Levi-Civita connections of S* and E, respectively.
Clearly,

1

Vel = ViV — (X, V)®, X, Y eC(TSY).
As usual, when we work with isometric immersions, we will identify M 2 with its image,
XeC (TMZ) with ¢, (X) or with ®,(X), and the Riemannian metrics on M2, S* ES will
be simply denoted by (, ).

Our aim is to find extrinsic properties of M? and, finally, to infer a parametrization of M?.
Now, using Theorem 2, by standard computations, we obtain

@EIEI = 6E1E1 —d=—fE;3 +Cf3/2E4 -

Vi, Bl = Vi, By = -3 5L E,

?El E, = ?El E, =0

Vi, By = Vi, By — © = 5L E 4+ 3f B3 — of B4 — @

?E|E3 = ?E, E3 = fE; ] (4.1)
Ve, E3 =VE Ez = =-3fE;

@E|E4 = 651 Es = —Cf3/2E1

@EQE4 = 6E2E4 = Cf3/2E2

Vi, @ = E|

Vi, ® = E»

First, we will study the geometric properties of the integral curves of E, viewed as curves
in S*. We denote such a curve by 7 = 7 (). When we consider this curve as a curve lying
inE> wesety =io7.
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For a homogeneous notation of the vector fields that form the Frenet frame field associated
to y, we denote by V; the restriction of E; along y. By straightforward computations we
have

VV] ‘71 =K ‘72,

3 :‘@Vl\*/l‘zf,/wc%f

where we define

and
- 1~ =~ 1
Vo = 7V‘71 Vi= — (—E3 +C\/?E4).
K1 1+c2f
Further,
6‘71 Vo = —k\Vi + i Vs,
where
- 6" ‘7 - ‘7 _ |C|f/
ky =|Vy, 2+ K1V —W
and
- 1 /~ -~ o~ c 1
7= — (¥ a+ia?) = W gy Ea.
i Vi+c2f Vi+erf

Moreover, using (3.6), we obtain

N_L\/ 27/2_E 2 _ 4_&25
Kz_zﬁ(“rczf) 202 f g [ =164 = e S,

Finally,

Vi, Vs = —RaVy = —kaVa + k3 V4,

where k3 = 0 and ‘74 is the unit vector field along y such that { \71 , ‘72, \73, \74} is a positively
oriented orthonormal frame field along y .

As &3 = 0, it follows that 7 lies in a totally geodesic hypersphere S? of S, §* = S* N 11,
where IT is an hyperplane of E> which contains the origin. More precisely, since

Vy, E2 =0,

i.e., E, is constant along 7, and since E» is orthogonal to y along y, it follows that E» is
normal to the hyperplane IT.

In conclusion, we have

Proposition7 Let ¢ : (M2, g) — S* be a PNMC biconservative immersion and consider
7 = 7(u) an integral curve of Ey, viewed as a curve in S*. Then, the following hold:

(i) Ej is constant along p, where y =i oy,
(ii) 7 lies in a totally geodesic hypersphere S* = S*NT1, where the hyperplane T1 contains
the origin and is orthogonal to E;;
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(iii) The curvature and the torsion of y are

k(u) = fw)y/ 1+ 2 f(u) 4.2)

e1/2C2 £772 () = 38 £2) — 16 f40) — e f5(w)
2VF @ (1 + 2 f ) ’

where f is the mean curvature function of the immersion ¢.

and

T(u) = 4.3)

Second, we will study the geometric properties of the integral curves of E5, viewed as
curves in .
Using the expression of Vg, E> from (4.1) and (3.6), it is easy to see that

. 9C?
VE2E2’ = f3/2
8
Denote by
L e 3IC| L34
R=¥ Eg‘—— / 4.4)
Es 2\/§f
and by
1.
§= EVEZEZ- 4.5)

Clearly, E;k = 0 and, using again (3.6) and (4.1), by some straightforward computations,
we get

E\k 3Ef Gk
=L E=0.

Vi, & = —REs, = :
E§ KEp z P

In conclusion, we have

Proposition 8 Ler ¢ : (M2, g) — S* be a PNMC biconservative immersion and consider
K and & given in (4.4) and (4.5). Then, the following hold:

(i) The integral curves of E» are circles in E> with constant curvature 8, i.e., Eok = 0 and

%EZEZ = I?E, %Ezs = _IGEZ;

(ii)
Ewk _3Ef
=35
(iii)
Vi £ =0.

Now, we are ready to find the local parametrization of M2 in [E. This parametrization will
rely on a solution f of a second order O DE and on a certain curve in S3, uniquely determined
by f and the condition that its position vector has to make a specific angle with a constant
direction.
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For the beginning, let us consider an integral curve v of E, parametrized by arc-length.
As previously, when we will view this curve in E3 it will be denoted by 7. From Proposition
8, we know that b is a circle in E> with curvature &, thus it can be parametrized by

D(v) = Co + cos (kv) Cy + sin (kv) C2, (4.6)

where Co, C1, C> € B> with |C1| = |C2| = 1/k and (Cy, C2) = 0.

Then, let pg € M? be an arbitrarily fixed point of M? and = 7 () be an integral curve
of E; with (0) = po. Consider {¢y},cr the flow of E; near the point pg. Then, for any
u € (—¢, &) and for any v € R, the parametrization ® = ®(u, v) of M? is given by

(1, v) = Py (V) = Colu) + cos (£ (u)v) Ci(u) + sin (& (u)v) C2(u),

where the vectorial functions Co(u), C1(u), C2(u), which are uniquely determined by the
surface, satisfy

1
y@) = Co(u) + Ci(w), [Cr(w)] = [C2(uw)| = W’ (Ci(u), C2(w)) =0.  (47)

In order to get a simpler expression of @ we consider the following change of coordinates
(u,v) - (u t= k(u)v). With respect to these new local coordinates, the parametrization
® can be expressed as

@ (u, 1) = Cou) + (1 ) (cos(t)er(u) + sin(r)ea(u))

where we define
ci(u) =kw)C;i(u), i=1,2. 4.8)

Using the above relation for i = 1 and (4.7), it is clear that

Co(u) =y (u) —

1
K(u)
So,

O, t) =yu) + —— ( ) ((cos(r) — 1) ci(u) + sin(t)cz(u)) . 4.9)

Further, as ¥ is an integral curve of E», from (4.6), (4.8), it follows that c;(u) = E»(u, 0)
and ¢y (u) = —&(u, 0), where E>(u, 0) = E> (v(0)) and £ is given in (4.5) with

,0 VME
§u,0) = ()52(0)2

Moreover, we will prove that, ¢ (u) and ¢y (u) are, in fact, constant vectors. Indeed, taking
into account the third item from Proposition 8, we get Vyrep = 0, so ¢ is a constant vector

in E°, and since %E, E, = 0, it follows that ﬁ};/cz = 0, so ¢y is a constant vector in E.
Therefore, (4.9) turns into

Ou,t) =y

1
) (4.10)

where ¢ and ¢, are two constant orthonormal vectors in E° and 7 is an integral curve
of E; with the properties given in Proposition 7. In particular, 7 lies in a totally geodesic
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hypersphere S* = S* N I, where the hyperplane IT contains the origin and is orthogonal to
.
Finally, from |®(u, t)| = 1, we get

R _ 1
(y(),c1) = 0%

Remark 7 We note that, up to a multiplicative constant, the parameter ¢ in formula (4.10)
coincides with the parameter ¢ in Proposition 5.

In conclusion we can state

Theorem 8 Let ¢ : (Mz, g) — S* be a PNMC biconservative immersion and denote
O =iog:M*— |5 wherei:S* — E’ is the canonical inclusion. We identify M? with
its image, and then, M?* can be locally parametrized by
. 1 .
D(u, 1) =y ) + ——— ((cos(t) — 1) c1 +sin(f)ca),
ke (u)
where:
(i)
_3[C|
232

where f = f(u) is a positive solution of the second order ODE (3.5), with f' > 0, and

whose first integral is (3.6). The non-zero constant C is given in (3.6);
(ii) ¢1 and ¢ are constant orthonormal vectors in E;
(iii) p = p(u) is a curve in B> such that § = i o y, where 7 is a curve parametrized by

arc-length which lies in a totally geodesic hypersphere S° = S* N I1; the hyperplane T

contains the origin and is orthogonal to c;. Moreover, the curvature and torsion of y, as
a curve in'S?, are given by (4.2) and (4.3), respectively, and the curve 7 must satisfy

1
Ru)’
Remark 8 Theorems 4, 7 and Proposition 5 prove the existence of the PN M C biconservative

surfaces in S*, and therefore, the existence of the curves 7 that satisfy the hypotheses of the
above theorem is ensured.

R (u) 4w,

(), c1) = 4.11)

Remark 9 If we consider a surface M2 in S* parametrized as in Theorem 8 then, by a straight-
forward computation, we can prove that it is a P N M C biconservative surface with f > 0,
grad f # 0 at any point and M? is completely contained in S*.

Now, we can ask whether all three conditions which determine the curve 7, i.e., (4.2),
(4.3) and (4.11) are independent. The answer is negative and, more precisely, we have:

Proposition 9 Let y be a curve which satisfies (4.2) and (4.11). Then, its torsion is given by
(4.3).

Proof We can assume that ¢c; = ej and ¢y = ey, where {eq, e2, €3, e4, es5} is the canonical
basis of £
Let =i o 7 be a curve parametrized by arc-length. From (4.11), 7 can be written as

p=0hoy ) = v Y.
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where
1
1 _
YTk

With the above notations, we write down the Frenet formulas

VaVi=kia

V~1 h=—kVi+1tV3 ,

6} ~3 = -7 ‘72
where

Vi=y, k= ‘6(/1 Vi

, T = ‘6‘71‘72—{-1(\71 .

Using the second fundamental form of S*in E°, or of S? in E*, we obtain

?‘7] ‘:/1 = JZ” + 7y
Vi Vo=V,
Vi, V3 =Vy

Therefore, we get

%%1 Vi=—("+7) (4.12)
and
ki
‘fz/ = —k\f] +1V3 .
Vi=—1tVs
Now, we can write each vector \7, as
Vi= (VL OV VAV = (VI VR VRV i=12.8
Looking at the first component of (4.12) and using (3.5), we obtain
=g (o)) =228 A
k 3ICIV1+2f

Since at any point of y the vectors { \71 , \72, \73, )?} form an orthonormal basis of the tangent

> 0.

space to E*, we have
1\2 1\2 1,2 12
(Vi) + ()" +(5) +(r) =1
Thus, by some straightforward computations, using (3.6), we get

32C2f3/2
viy=—"41
() 9C2 (1+c2f)

Next, since (V31)/ = -7 V21 and ‘L’Vzl is positive, we get

vl A2t S
P 3o/ S 2V f(1+c2f)

Finally, from (3.6), it follows that the torsion of y is given by (4.3). O
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5 The codimension reduction for PNMC biconservative surfaces

In the last section, we will study the non-C M C biconservative surfaces with parallel nor-
malized mean curvature vector field in Euclidean sphere S, n > 5, and we will prove that
their substantial codimension is equal to 2.

Theorem 9 Let ¢ : (Mz, g) — S", n > 5, be a PNMC biconservative surface. Assume
that the rank of the first normal bundle is at least 2. Then, M? lies in some 4-dimensional
totally geodesic submanifold S* of S".

Proof Using the same notations as in previous sections, we recall that the biconservativity
condition is equivalent to

A3z (E1) = —fE.

From the expression of the mean curvature vector field

n
H= % ((trace A3) E3 + ) (trace Ap) E;,) = fEjs,
b=4

we infer that trace A3 = 2f and trace A, = 0, for any b € {4,5,...,n}. Further, as
(A3 (E2), E1) = 0, it follows that A3 (E3) = 3f E».

Next, we will prove that RJ-(X, Y)t =0,forany X, Y € C (TMZ) and¢ € C (NMZ).
First, from the P N M C hypothesis, we have that V-4 Es and so RL (Ey, E») E3 = 0. Then,
using the Ricci equation, one gets B (E, E2) = 0 and thus we obtain

(Ap (E1), E2) =0, bef{4,5,...,n}.

Consequently, {E1, E>} diagonalizes all the A,, @ € {3, 4, ..., n}, simultaneously and there-
fore M? has flat normal bundle.

Next, since M? has flat normal bundle and V1 E; = 0, we can assume that E, is parallel
in N M2, for any « € {3,4,...,n}. Then, we set

¢1:=B(E1ED)=~[Es+ ) fuEp (5.1)
b=4
and
&= B (Ey. E2) =3fE3 — ) | fyFy. (52)
b=4

where A (E1) = fpE1, forany b € {4,5, ..., n}. Therefore, the first normal bundle of M?
in S" is given by

N1 = spanIm(B) = span {B (E1, E1), B (E2, E3)} = span {1, {2} .

From the hypothesis, we note that the rank of N has to be equal to 2 and all the f; cannot
vanish at any point.

In the following we will show that N is a parallel with respect to the normal connection.
In order to prove this, it is sufficient to show that Vﬁ ¢j € C(Ny),foranyi, j =1,2.

If we apply the Codazzi equation, we obtain

Vi, i1 = —wy (E1) (&1 — &) € C (N)
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and
Vi 0 = —wy (E2) (&1 — &) € C (Ny)

Moreover, as VLEO, =0and E, f =0, we get

4
Wy (E1) =0, Exfp=0, E|f= gw; (E>) f and Ejfy = 2w} (E) fp.

Then, by direct computations, we infer

1
Vi =0€CIN) and Vg o =30y (E2) (761 + ) € C(N).

Now, the codimension reduction result follows from [6].
O

Remark 10 We note that similar codimension reduction results for PNMC biconserva-
tive surfaces in a pseudo-Euclidean context and for PMC biconservative surfaces with
B (E1, E2) # 0 in complex space forms have been obtained in [25] and in [1], respectively.
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