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Abstract
In this paper, we study biconservative surfaces with parallel normalized mean curvature
vector field (PNMC) in the 4-dimensional unit Euclidean sphere S

4. First, we study the
existence and uniqueness of such surfaces. We obtain that there exists a 2-parameter family
of non-isometric abstract surfaces that admit a (unique) PNMC biconservative immersion
in S

4. Then, we obtain the local parametrization of these surfaces in the 5-dimensional
Euclidean spaceE5.We end the paper by proving that the substantial codimension of PNMC
biconservative surfaces in Sn , n ≥ 5, is equal to 2.
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1 Introduction

Amap ϕ : (Mm, g) → (Nn, h) between two Riemannian manifolds is said to be biharmonic
if it is a critical point of the bienergy functional which is defined by

E2 : C∞ (
Mm, Nn) → R, E2(ϕ) =

∫

M
|τ (ϕ)|2 vg,

where vg denotes the volume element of g,

τ(ϕ) := trace∇ϕ∗

is the tension field of ϕ and ϕ∗ indicates the differential of ϕ. In [14], the first and second
variation of E2 were obtained by Jiang, and he proved that ϕ is biharmonic if and only if the
associated Euler-Lagrange equation

τ2(ϕ) := −�τ(ϕ) − trace RN (ϕ∗, τ (ϕ))ϕ∗ = 0

is satisfied, where τ2 is the bitension field and RN denotes the curvature tensor field of Nn .
On the other hand, in [2] Caddeo et al. defined a biconservative immersion as an isometric

immersion satisfying the condition

〈τ2(ϕ), ϕ∗〉 = 0

(see Sect. 2 for details). Obviously, biharmonic immersions are always biconservative. Thus,
the biconservative immersions form a larger family of submanifolds including the biharmonic
ones. In a space form, any hypersurface with constant mean curvature function (CMC) and
any submanifoldwith parallelmean curvature vector field (PMC) are trivially biconservative.
Therefore, in space forms we will exclude these cases.

In [12], Hasanis and Vlachos classified all biconservative hypersurfaces in E
4. They

called such hypersurfaces as H -hypersurfaces. After that, biconservative hypersurfaces and
submanifolds in space forms have been studied by several geometers (see [2, 5, 8, 27],
etc.). For example, in [2], Caddeo et al. classified, from an extrinsic local point of view, all
non-CMC biconservative surfaces in the 3-dimensional space forms N 3(c) and proved that
for any c there exists a one-parameter family of such surfaces (see also [11, 12]). From a
global point of view, this study was continued in [19, 21]. Furthermore, PMC biconservative
submanifolds in the product spaces Sn × R and Hn × R were studied in [10, 17].

Thenext step in the studyof biconservative submanifolds in space forms is the studyof non-
PMC biconservative surfaces in N 4(c). This is alsomotivated by the paper [18],whereCMC
biconservative surface in N 4(c) were studied, and by [26], where non-CMC but PNMC
biconservative surfaces in E4 were classified. The study of CMC biconservative surfaces in
N 4(c) proved to be rigid because these surfaces have to be either PMC , when c 	= 0, or
certain cylinders, when c = 0. On the other hand, the study of non-CMC biconservative
surfaces in N 4(c) seems to be very complex and a full classification is hard to achieve in
this case. Therefore, in [26], the authors added the natural hypothesis of being PNMC and
proved that the family of such surfaces is quite large.

In our paper, we continue the work in [26] and investigate intrinsic and extrinsic properties
of (non-CMC) PNMC biconservative surfaces in S

4. In Sect. 2, we present basic defini-
tions and results that we are going to use. In Sect. 3, we study intrinsic properties of PNMC
biconservative surfaces in S4. In Theorem 3, we prove that if an abstract surface admits two
PNMC biconservative immersions in S

4, then these immersions must be congruent. Fur-
thermore, in Theorem 4, we obtain a necessary and sufficient intrinsic condition in order for
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Biconservative surfaces in the 4-dimensional Euclidean sphere 2347

an abstract surface to admit a (unique) PNMC biconservative immersion in S4. Essentially,
that condition says that the level curves of the Gaussian curvature of the surface are circles
with a certain (constant) curvature. The existence of such abstract surfaces is ensured by
Theorem 7 and Proposition 5. In Theorem 7, starting with a solution of a certain ODE , we
construct locally the metric which satisfies the above condition. Alternatively, using appro-
priate coordinates with geometrical meaning, a more explicit form of the metric is given in
Proposition 5. From relation (3.54), we can see that the metric depends of two parameters. In
Sect. 4, we study extrinsic properties of PNMC biconservative surfaces in S4. In particular,
we obtain a local parametrization of our surfaces (see Theorem 8). In the last section, we
prove that the substantial codimension of a PNMC biconservative surface in S

n , n ≥ 5, is
equal to 2 (see Theorem 9).

1.1 Conventions and notations

In this paper, all Riemannian metrics are indicated, in general, by the same symbol 〈·, ·〉.
Sometimes, when there is no confusion, we will omit to indicate the metric. We assume that
the manifolds are connected and oriented, and we use the following sign conventions for the
rough Laplacian acting on sections of the pull-back bundle ϕ−1 (T Nn) and for the curvature
tensor field, respectively:

�ϕ = − trace
(∇ϕ∇ϕ − ∇ϕ

∇
)

and

R(X , Y )Z = [∇X ,∇Y ]Z − ∇[X ,Y ]Z ,

where ∇ is the Levi-Civita connection on M .
In order to avoid trivial cases for our study of non-CMC biconservative surfaces M2 in

S
4, we will assume that the mean curvature function of the surface is positive, its gradient is

different to zero at any point, and M2 is completely contained in S4, i.e., for any open subset
of M2 there exists no great hypersphere S3 of S4 such that it lies in S

3.

2 Preliminaries

Let ϕ : (Mm, g) → (Nn, h) be an isometric immersion or, simply, let Mm be a submanifold
in Nn . We have the standard decomposition of ϕ−1 (T Nn) into the direct sum of the tangent
bundle T Mm ≡ ϕ∗ (T Mm) of Mm and the normal bundle

NMm =
⋃

p∈M
ϕ∗

(
TpM

m)⊥

of Mm in Nn .
Locally, we can identify Mm with its image by ϕ, X with ϕ∗(X) and∇ϕ

Xϕ∗(Y )with∇N
X Y ,

where∇N is the Levi-Civita connection on Nn . Now, we recall the Gauss and theWeingarten
formulas

∇N
X Y = ∇XY + B(X , Y ),

and

∇N
X η = −Aη(X) + ∇⊥

X η,
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2348 S. Nistor et al.

where B ∈ C
(
2T ∗Mm ⊗ NMm

)
is called the second fundamental form of Mm in Nn ,

Aη ∈ C (T ∗Mm ⊗ T Mm) is the shape operator of Mm in Nn in the direction η, and ∇⊥ is
the induced connection in the normal bundle.

In the particular cases when Nn = S
4 or Nn = E

5, we will denote the corresponding
Levi-Civita connections by ∇̃ or ∇̂, respectively.

Themean curvature vector field ofMm in Nn is definedby H = (trace B)/m ∈ C (NMm),
where the trace is considered with respect to the metric g. The mean curvature function is
defined by f =|H |.

In this paper, we will assume that H 	= 0 at any point, so f is a smooth positive function
on Mm . We will denote Em+1 = H/ f and Am+1 = AEm+1 . Also, a local orthonormal frame
field in the normal bundle NMm of Mm in Nn will be indicated by {Em+1, . . . , En}.

We recall now the fundamental equations of submanifolds, i.e., the Gauss, Codazzi and
Ricci equations, that we will use later in this paper:

〈RN (X , Y )Z ,W 〉 = 〈R(X , Y )Z ,W 〉 − 〈B(X ,W ), B(Y , Z)〉 + 〈B(Y ,W ), B(X , Z)〉,
(2.1)

(∇X Aη

)
(Y ) − (∇Y Aη

)
(X) = A∇⊥

X η(Y ) − A∇⊥
Y η(X) −

(
RN (X , Y )η

)�
, (2.2)

and
(
RN (X , Y )η

)⊥ = R⊥(X , Y )η + B
(
Aη(X), Y

) − B
(
X , Aη(Y )

)
, (2.3)

where X , Y , Z ,W ∈ C (T Mm) and η ∈ C (NMm).
We also recall the following characterization formulas of biharmonic submanifolds in

Euclidean spheres.

Theorem 1 ([3, 22]) Let Mm be a submanifold in Sn. Then Mm is biharmonic if and only if
{

�⊥H + trace B (·, AH (·)) − mH = 0
4 trace A∇⊥· H (·) + m grad|H |2 = 0

. (2.4)

For more information concerning biharmonic submanifolds see, for example, [9, 23].
Now, if we fix a map ϕ and let the domain metric vary, we obtain a new functional on the

set G of all Riemannian metrics on Mm defined by

F2 : G → R, F2(g) = E2(ϕ).

Critical points of this functional are characterized by the vanishing of the stress-energy tensor
of the bienergy (see [16]). This tensor field, denoted by S2, was introduced in [13] as

S2(X , Y ) = 1

2
|τ(ϕ)|2〈X , Y 〉 + 〈ϕ∗,∇τ(ϕ)〉〈X , Y 〉 − 〈ϕ∗(X),∇Y τ(ϕ)〉

−〈ϕ∗(Y ),∇X τ(ϕ)〉,
and it satisfies

div S2 = 〈τ2(ϕ), ϕ∗〉.
We note that, for isometric immersions, (div S2)� = −τ2(ϕ)�, where τ2(ϕ)� is the tangent
part of the bitension field.

A submanifold ϕ : Mm → Nn of a Riemannian manifold Nn is called biconservative if
div S2 = 0.
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Biconservative surfaces in the 4-dimensional Euclidean sphere 2349

3 An intrinsic approach

Wewill study the non-CMC biconservative surfaceswith parallel normalizedmean curvature
vector field in the Euclidean sphere S4, i.e., PNMC biconservative surfaces in S4.

We recall that (see [7]) M2 is a PNMC biconservative surface in S
4 if and only if

A3(grad f ) = − f grad f . (3.1)

Let us consider

E1 = grad f

|grad f | and E3 = H

f
.

Because of orientation, we can consider positively oriented global orthonormal frame
fields {E1, E2} in the tangent bundle T M2 and {E3, E4} in the normal bundle NM2.

Clearly, E2 f = 0. Denoting A3 = AE3 and A4 = AE4 , we have the following direct
properties of our surfaces, which follow from (2.1), (2.2) and (2.3).

Theorem 2 Let ϕ : (
M2, g

) → S
4 be a PNMC biconservative immersion. Then, the fol-

lowing hold:

(i) The Levi-Civita connection ∇ of M2 and the normal connection ∇⊥ of M2 in S
4 are

given by

∇E1E1 = ∇E1E2 = 0, ∇E2E1 = −3

4

E1 f

f
E2, ∇E2E2 = 3

4

E1 f

f
E1 (3.2)

and

∇⊥E3 = 0, ∇⊥E4 = 0;
(ii) The shape operators corresponding to E3 and E4 are given, with respect to {E1, E2}, by

the matrices

A3 =
(− f 0

0 3 f

)
, A4 =

(
c f 3/2 0
0 −c f 3/2

)
,

where c is a non-zero real constant;
(iii) The Gaussian curvature K and the mean curvature function f are related by

K = 1 − 3 f 2 − c2 f 3, (3.3)

thus 1 − K > 0 on M2;
(iv) The mean curvature function f satisfies

f � f + |grad f |2 + 4

3
f 2 − 4 f 4 − 4

3
c2 f 5 = 0; (3.4)

(v) Around any point of M2 there exists a positively oriented local chart X f = X f (u, v)

such that
(
f ◦ X f

)
(u, v) = f (u, v) = f (u)

and f satisfies the following second order ODE

f ′′ f − 7

4

(
f ′)2 − 4

3
f 2 + 4 f 4 + 4

3
c2 f 5 = 0 (3.5)
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and the condition f ′ > 0. The first integral of the above second-order ODE is

(
f ′)2 − 2C2 f 7/2 + 16

9
f 2 + 16 f 4 + 16

9
c2 f 5 = 0, (3.6)

where C is a non-zero real constant.

Proof First, using (3.1), we have A3 (E1) = − f E1 and then, since trace A3 = 2 f , we get
A3 (E2) = 3 f E2.

As ∇⊥E3 = 0, we have

∇⊥E4 = 0, R⊥(X , Y )E3 = 0 and R⊥(X , Y )E4 = 0,

for any X , Y ∈ C
(
T M2

)
.

From the Ricci equation we obtain B (E1, E2) = 0, so 〈A4 (E1) , E2〉 = 0. On the other
hand, since trace A4 = 0, we obtain that the matrix of A4 with respect to {E1, E2} is given
by

A4 =
(

λ 0
0 −λ

)
,

for some smooth function λ on M2.
If we assume that λ = 0 on M2, or on an arbitrary open subset of M2, we obtain that

∇̂X E4 = 0 for any X ∈ C(TS4), hence E4 is a constant vector field. Then, for any point
p ∈ M2, we can identify (i ◦ ϕ)(p) with its position vector in E5, where i : S4 → E

5 is the
canonical inclusion, and we have (i ◦ ϕ)(p) ⊥ E4. It follows that (i ◦ ϕ)(M) belongs to the
hyperplane that passes through the origin and whose normal is E4. Thus, ϕ(M) ⊂ S

3 ⊂ S
4

and we get a contradiction.
Therefore, λ 	= 0 at any point of an open dense subset of M2. Further, we will work on a

connected component of this dense subset.
In order to obtain a more explicit expression of λ, we will use the Codazzi equation. More

precisely, if we consider (2.2) applied for A3 we obtain the connection forms

ω1
2 (E1) = 0, ω1

2 (E2) = 3

4

E1 f

f
. (3.7)

Then, from (2.2) applied for η = E4, we get

E1λ = 3λ

2

E1 f

f
, E2λ = 0.

So,

E1λ

λ
= 3

2

E1 f

f
,

which is equivalent to

E1

(
ln |λ| − 3

2
ln f

)
= 0.

Moreover, as E2λ = 0 and E2 f = 0, it follows that the function ln |λ|−3(ln f )/2 is constant,
and therefore

λ = c f 3/2,

where c is a non-zero real constant.
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Biconservative surfaces in the 4-dimensional Euclidean sphere 2351

Further, using (3.7), it is easy to see that the Levi-Civita connection of M2 is given by
(3.2).

From the expressions of A3 and A4, we have

B (E1, E1) = − f E3 + c f 3/2E4, B (E2, E2) = 3 f E3 − c f 3/2E4,

and, thus, applying the Gauss equation, we obtain the relation between K and f ,

K = 1 − 3 f 2 − c2 f 3.

From the above formula, we note that the constant c does not depend on the connected
component of that open dense subset of M2 where λ 	= 0. Moreover, as all objects are
globally defined and f 	= 0 at any point of M2, (i)–(i i i) hold on the whole M2.

Next, we need to determine (iv). In order to do this, we recall that

dω1
2 (E1, E2) = K

(
ω1 ∧ ω2) (E1, E2) ,

i.e.,

E1
(
ω1
2 (E2)

) − E2
(
ω1
2 (E1)

) − ω1
2 ([E1, E2]) = K .

Using (3.2) and (3.7), the above relation can be rewritten as

K = 3

16 f 2
[
4E1 (E1 f ) f − 7 (E1 f )

2] .

Now, replacing K from (3.3), we get

E1 (E1 f ) f = 7

4
(E1 f )

2 + 4

3
f 2 − 4 f 4 − 4

3
c2 f 5. (3.8)

From the expression of the Laplacian of f , we obtain

� f = −E1 (E1 f ) + 3

4

(E1 f )2

f
,

and therefore, (3.8) is equivalent to (3.4). Consequently, we get (iv).
Further, we will see that around any point of M2 there exists a positively oriented local

chart X f = X f (u, v) such that
(
f ◦ X f

)
(u, v) = f (u, v) = f (u)

and (3.4) is equivalent to a second order ODE .
Indeed, let p0 ∈ M2 be an arbitrarily fixed point of M2 and let γ = γ (u) be an integral

curve of E1 with γ (0) = p0. Let {φv}v∈R be the flow of E2. We define the following local
chart

X f (u, v) = φv(γ (u)) = φγ (u)(v).

We have

X f (u, 0) = γ (u),

X f
u (u, 0) = γ ′(u) = E1(γ (u)) = E1(u, 0),

X f
v (u, v) = φ′

γ (u)(v) = E2
(
φγ (u)(v)

) = E2(u, v)

for any (u, v). Clearly,
{
X f
u , X f

v

}
is positively oriented.
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If we write the Riemannian metric g on M2 in local coordinates as

g = 〈·, ·〉 = g11 du
2 + 2g12 du dv + g22 dv2,

we get g22 =
∣
∣
∣X f

v

∣
∣
∣
2 = |E2|2 = 1, g11(u, 0) = 1 and g12(u, 0) = 0. Then, it is easy to see

that

E1 = 1

σ

(
X f
u − g12 X f

v

)
= σ grad u,

where σ = σ(u, v) =
√
g11 − g212 > 0 and σ(u, 0) = 1.

Let
(
f ◦ X f

)
(u, v) = f (u, v).

Since E2 f = 0, i.e., X f
v f = 0, it follows that

f (u, v) = f (u, 0) = f (u), ∀(u, v).

As

[E1, E2] f = (∇E1E2 − ∇E2E1
)
f = 0

= E1 (E2 f ) − E2 (E1 f ) ,

it follows that E2 (E1 f ) = 0 and, therefore,

X f
v

(
f ′

σ

)
= 0. (3.9)

Clearly,

f ′ = E1 f = |grad f | > 0.

Then, as X f
v f ′ = 0, from (3.9) we obtain X f

v (σ ) = 0, i.e.,

σ(u, v) = σ(u, 0) = σ(u) = 1, ∀(u, v)

and

E1 = X f
u − g12X

f
v = grad u. (3.10)

Since f = f (u), from (3.8) and (3.10), we obtain that f satisfies equation (3.5).
Our next objective is to find the first integral of (3.5). First, we note that

1

2

((
f ′)2

f 7/2

)′
= f ′ f ′′

f 7/2
− 7

4

(
f ′)3

f 9/2
. (3.11)

Then, we multiply (3.5) by f ′/ f 9/2 and using (3.11), we have
(
1

2

(
f ′)2

f 7/2
+ 8

9
c2 f 3/2 + 8

√
f + 8

9 f 3/2

)′
= 0.

Integrating the above relation and multiplying the result by 2 f 7/2, one obtains (3.6). Hence,
we get (v). ��
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Remark 1 In the above proof we have seen that the hypothesis M2 is completely contained
in S

4 implies the condition that the rank of the first normal bundle is equal to 2. In fact, it
is not difficult to check that the converse holds too. Also, from the expression of the shape
operator A3, we note that M2 cannot be pseudo-umbilical at any point.

The next result shows that, given an abstract surface
(
M2, g

)
, if it admits a PNMC

biconservative immersion ϕ in S4, then it is unique. In particular, up to the sign, the constant
c is unique, depends on

(
M2, g

)
and it is not an indexing constant. This phenomenon is

different from the case of minimal surfaces in a 3-dimensional space form where, given an
abstract surface

(
M2, g

)
satisfying a certain intrinsic condition, there exists a one-parametric

family of minimal immersions (see [15, 20, 24]).

Theorem 3 If an abstract surface
(
M2, g

)
admits two PNMC biconservative immersions

in S
4, then these immersions differ by an isometry of S4.

Proof Let ϕ1 : M2 → S
4 and ϕ2 : M2 → S

4 be two PNMC biconservative immersions.
From Theorem 2 we know that

K = 1 − 3 f 21 − c21 f
3
1 = 1 − 3 f 22 − c22 f

3
2 , c1, c2 	= 0. (3.12)

It follows that

XK = (−6 f1 − 3c21 f
2
1

)
X f1 = (−6 f2 − 3c22 f

2
2

)
X f2, X ∈ C

(
T M2) . (3.13)

Let us denote i E1 = grad fi/ |grad fi | and consider i E2 to be the tangent vector field such
that

{
i E1,

i E2
}
is a positively oriented global orthonormal frame field in the tangent bundle,

for i = 1, 2. From (3.13) we get

grad K = (−6 fi − 3c2i f
2
i

)
grad fi , i = 1, 2,

and since grad fi 	= 0 at any point, we have

grad K

|grad K | = − grad fi
|grad fi | , i = 1, 2.

Therefore, 1E1 = 2E1 = E1 and 1E2 = 2E2 = E2. We note that E1 and E2 do not depend
on the immersion, but only on the surface.

Using the expression of ∇E2E1 in (3.2), we have

E1 f1
f1

= E1 f2
f2

.

By combining the above equation and (3.12) we get f1 = f2 and c1 = εc2, where ε = ±1.
Therefore, 1A3 = 2A3 and 1A4 = ε 2A4.Now, let us define the vector bundle isomorphism

ψ : Nϕ1M
2 → Nϕ2M

2 by

ψ
(1H

) = 2H , i.e., ψ
(1E3

) = 2E3, and ψ
(1E4

) = ε 2E4.

Then, since f1 = f2, we have

〈ψ (
1Eα

)
, ψ

(
1Eβ

)〉 = 〈1Eα,1 Eβ〉 = δαβ, α, β = 3, 4,

ψ
(
1∇⊥

Ei

(
1Eα

)) = 2∇⊥
Ei

(
2Eα

) = 0, i = 1, 2, α = 3, 4,

ψ
(
1B

(
Ei , E j

)) = 2B
(
Ei , E j

)
, i, j = 1, 2.
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Thus, from the Fundamental Theorem of Submanifolds (see, for example, [4]), there exists
an isometry � of S4 such that

� ◦ ϕ1 = ϕ2 and �∗|N1M = ψ.

��
Remark 2 We know that, in fact, E1 and E2 belong to the intrinsic geometry of

(
M2, g

)
.

Moreover, from (3.12) and (3.13) we obtain

∇E2E1 = −3

4

E1 f

f
E2 = − E1K

4
(
K − 1 + f 2

) E2.

Thus, f and then c2 are uniquely determined by
(
M2, g

)
.

We give now another intrinsic property of the domain
(
M2, g

)
of a PNMC biconserva-

tive immersion in S
4, which will play a fundamental role in the existence of our isometric

immersions.

Proposition 1 Let ϕ : (
M2, g

) → S
4 be a PNMC biconservative immersion. Then,

grad K 	= 0 everywhere and the level curves of K are circles of M2 with positive constant
signed curvature

κ = 3

4

E1 f

f
= − |grad K |

4
(
K − 1 + f 2

) . (3.14)

Moreover, in the positively oriented local chart X f = X f (u, v),

κ(u) = 3

4

f ′(u)

f (u)

and κ satisfies the following ODE

3κκ ′′′ − 26κ2κ ′′ − 3κ ′κ ′′ + 72κ3κ ′ − 32κ3 − 32κ5 = 0. (3.15)

Proof We have seen that, since grad f 	= 0, it follows grad K 	= 0 and

grad K

|grad K | = − grad f

|grad f | .

We define

Ẽ1 = grad K

|grad K | = −E1 and Ẽ2 = −E2

such that
{
Ẽ1, Ẽ2

}
is a positively oriented global orthonormal frame field.

As E2 f = 0, from (3.3) it follows that E2K = 0 and so Ẽ2K = 0, i.e., the integral curves
of Ẽ2 are the level curves of K .

We note that
{
Ẽ2,−Ẽ1

}
is positively oriented and taking into account (3.2) and (3.3) we

get

∇Ẽ1
Ẽ2 = 0, ∇Ẽ2

Ẽ1 = − |grad K |
4

(
K − 1 + f 2

) Ẽ2, ∇Ẽ2
Ẽ2 = |grad K |

4
(
K − 1 + f 2

) Ẽ1.
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Thus,
[
Ẽ1, Ẽ2

]
K = 0

= −Ẽ2

(
Ẽ1K

)

and so Ẽ2

(
Ẽ1K

)
= 0. But this implies

Ẽ2

(

− |grad K |
4

(
K − 1 + f 2

)

)

= 0.

Now, as the integral curves of Ẽ2 are the level curves of K , it follows that

κ = − |grad K |
4

(
K − 1 + f 2

)

is constant along the level curves of K .

If we consider � = �(v) an integral curve of Ẽ2, since
∣
∣∣Ẽ2

∣
∣∣ = 1, one gets that � is a

curve parametrized by arc-length.

As
{
�′,−Ẽ1|�

}
is positively oriented and

∇�′�′ = κ|�
(
−Ẽ1|�

)
and ∇�′

(
−Ẽ1

)
= −κ|��′,

where κ|� is a constant, it follows that � is a circle of M2 with constant curvature κ .
Therefore, the level curves of K are circles of M2 with constant curvature

κ = − |grad K |
4

(
K − 1 + f 2

) .

Finally, if we consider the positively oriented local chart X f = X f (u, v) as in Theorem 2,
we immediately note that κ(u) = 3 f ′(u)/(4 f (u)) and thus

f ′′

f
= 16

9
κ2 + 4

3
κ ′.

Replacing the above relation in (3.5), by a straightforward computation one obtains

c2 = 1 + κ2 − κ ′

f 3
− 3

f
. (3.16)

Next, taking the derivative of (3.16), one gets

0 = −κ ′′ + 6κκ ′ − 4κ − 4κ3 + 4κ f 2, (3.17)

and taking one more derivative, we find

0 = −3κ ′′′ + 18
(
κ ′)2 + 18κκ ′′ − 12κ ′ − 36κ2κ ′ + 4

(
3κ ′ + 8κ2) f 2. (3.18)

Finally, from (3.17) and (3.18), by standard computations one obtains that κ satisfies (3.15).
��
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Lemma 1 Let
(
M2, g

)
be an abstract surface such that 1− K > 0 and c be a non-zero real

constant. Then, the polynomial equation

1 − K − 3 f 2 − c2 f 3 = 0 (3.19)

and the condition f > 0 determine f uniquely.

Proof Let p0 ∈ M2 be an arbitrarily fixed point and consider the polynomial equation

K (p0) = 1 − 3x2 − c2x3, x > 0. (3.20)

Consider the function h : (0,∞) → (−∞, 1) given by

h(x) = 1 − 3x2 − c2x3.

Clearly, h is smooth and h′(x) < 0 for any x > 0. As

lim
x↘0

h(x) = 1 and lim
x↗∞ h(x) = −∞,

we get that h is a smooth diffeomorphism. Therefore, the solution of (3.20) is x =
h−1 (K (p0)), i.e., f (p0) = h−1 (K (p0)). Thus, f = h−1 ◦ K is a smooth function being
the composition of two smooth functions, it positive and it the unique solution of (3.19). ��
Remark 3 From now on, we denote by fK = h−1 ◦ K the positive smooth solution of (3.19),
so the relation (3.14) can be rewritten as

κ = − |grad K |
4

(
K − 1 + f 2K

) .

Proposition 2 Let
(
M2, g

)
be an abstract surface such that 1 − K > 0 and grad K 	= 0

everywhere. Consider some non-zero real constant c and fK the positive solution of (3.19).
Let

Ẽ1 = grad K

|grad K | and Ẽ2 ∈ C
(
T M2)

be two vector fields on M2 such that
{
Ẽ1, Ẽ2

}
is a positively oriented global orthonormal

frame field in the tangent bundle T M2. Then, the following conditions are equivalent:

(i) The level curves of K are circles of M2 with positive constant signed curvature

κ = − |grad K |
4

(
K − 1 + f 2K

) = − Ẽ1K

4
(
K − 1 + f 2K

) ; (3.21)

(ii) The Levi-Civita connection ∇ of M2 is given by

∇Ẽ1
Ẽ1 = ∇Ẽ1

Ẽ2 = 0,

∇Ẽ2
Ẽ1 = − Ẽ1K

4
(
K − 1 + f 2K

) Ẽ2, ∇Ẽ2
Ẽ2 = Ẽ1K

4
(
K − 1 + f 2K

) Ẽ1. (3.22)

Proof First, we assume that (i) holds and want to prove (i i). As
{
Ẽ2,−Ẽ1

}
is positively

oriented and the level curves of K , i.e., the integral curves of Ẽ2, are circles of M2 with
constant signed curvature κ given in (3.21), it follows that Ẽ2κ = 0. Thus, we have

∇Ẽ2
Ẽ2 = κ

(
−Ẽ1

)
= Ẽ1K

4
(
K − 1 + f 2K

) Ẽ1

123



Biconservative surfaces in the 4-dimensional Euclidean sphere 2357

and

∇Ẽ2

(
−Ẽ1

)
= −κ Ẽ2 = Ẽ1K

4
(
K − 1 + f 2K

) Ẽ2.

Now, using (3.21) and Ẽ2 fK = 0, we obtain Ẽ2

(
Ẽ1K

)
= 0.

We note that
[
Ẽ1, Ẽ2

]
K = Ẽ1

(
Ẽ2K

)
− Ẽ2

(
Ẽ1K

)
= 0

=
(
∇Ẽ1

Ẽ2 − ∇Ẽ2
Ẽ1

)
(K ) =

(
∇Ẽ1

Ẽ2

)
(K ).

Therefore, we have
(
∇Ẽ1

Ẽ2

)
(K ) = 〈∇Ẽ1

Ẽ2, grad K 〉 = 0, and so 〈∇Ẽ1
Ẽ2, Ẽ1〉 = 0.

Consequently,

∇Ẽ1
Ẽ2 = 0 and ∇Ẽ1

Ẽ1 = 0.

Finally, the converse is easy to prove since from the expression of the Levi-Civita connection

we obtain Ẽ2

(
Ẽ1K

)
= 0 and thus Ẽ2κ = 0. Then, we conclude from the Frenet formulas

applied for the integral curves of Ẽ2.
��

The following result represents an intrinsic characterization for the existence of PNMC
biconservative immersions in S

4.

Theorem 4 Let
(
M2, g

)
be an abstract surface. Then M2 admits locally a (unique) PNMC

biconservative embedding in S
4 if and only if 1 − K > 0, grad K 	= 0 everywhere and the

level curves of K are circles of M2 with positive constant signed curvature

κ = − |grad K |
4

(
K − 1 + f 2K

) ,

where fK is the positive solution of (3.19) for some non-zero real constant c.

Proof The direct implication has been already proved in Proposition 1. It remains to show
the converse one.

Let

Ẽ1 = grad K

|grad K | and Ẽ2 ∈ C
(
T M2)

be two vector fields on M2 such that
{
Ẽ1, Ẽ2

}
is a positively oriented global orthonormal

frame field. Clearly, Ẽ2K = 0 and Ẽ1K =| grad K |. Now, since fK is the positive solution
of (3.19), for some non-zero real constant c, it follows that Ẽ2 fK = 0 and grad fK 	= 0 at
any point. We set

E1 = grad fK
|grad fK | = −Ẽ1 and E2 = −Ẽ2,

and it is clear that {E1, E2} is a positively oriented global orthonormal frame field.
Next, let ϒ = M2 × E

2 be the trivial vector bundle of rank 2 over M2. We define σ3 and
σ4 by

σ3(p) = (p, (1, 0)), σ4(p) = (p, (0, 1)), p ∈ M2,
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which form the canonical global frame field of ϒ , by a the metric on ϒ defined by

a
(
σα, σβ

) = 〈σα, σβ〉 = δαβ, α, β = 3, 4,

and by ∇a the connection on ϒ given by

∇a
Ei

σα = 0, i = 1, 2, α = 3, 4.

Clearly, the pair (∇a, a) is a Riemannian structure, i.e.,

X〈σ, ρ〉 = 〈∇a
Xσ, ρ〉 + 〈σ,∇a

Xρ〉, X ∈ C
(
T M2) , ρ, σ ∈ C (ϒ) ,

and the curvature tensor field

Ra (
Ei , E j

)
σα = 0, i = 1, 2, α = 3, 4.

Let us define Ba : C (
T M2

) × C
(
T M2

) → C (ϒ) by

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Ba (E1, E1) = − fKσ3 + c f 3/2K σ4

Ba (E1, E2) = Ba (E2, E1) = 0

Ba (E2, E2) = 3 fKσ3 − c f 3/2K σ4

.

Consider Aa
α ∈ C

(
End

(
T M2

))
, α = 3, 4, given by

〈Aa
α (Ei ) , E j 〉 = 〈Ba (

Ei , E j
)
, σα〉, i, j = 1, 2, α = 3, 4.

It is easy to see that Aa
α satisfies, formally, theGauss, Codazzi andRicci equations for surfaces

inS4. Therefore, according to theFundamental TheoremofSubmanifolds, locally, there exists
an isometric embedding ϕ : (

M2, g
) → S

4 and a vector bundle isometry ψ : ϒ → NM
such that

∇⊥ψ = ψ∇a and B = ψ ◦ Ba,

i.e.,
⎧
⎪⎨

⎪⎩

∇⊥
Ei

(ψ (σα)) = ψ
(
∇a
Ei

σα

)
= 0

B
(
Ei , E j

) = ψ
(
Ba

(
Ei , E j

))
, i, j = 1, 2, α = 3, 4.

As the last step, we denote by Eα = ψ (σα), α = 3, 4. With all the above notations we can
see that: the shape operators AEα = Aα , with respect to {E1, E2}, have the matrices

A3 =
(− fK 0

0 3 fK

)
, A4 =

(
c f 3/2K 0
0 −c f 3/2K

)

,

the mean curvature function of the immersion ϕ is f = fK and E3 = H/ f .
Further, by straightforward computations, we obtain that ϕ is a PNMC biconservative

immersion in S
4 with f > 0 and grad f 	= 0 at any point. It remains to prove that any open

subset of M2 cannot lie in some totally geodesic hypersurface S3 ⊂ S
4, which is equivalent

to prove that the rank of the first normal bundle is equal to 2 because of Remark 1. Now,
since

B (E1, E1) = − f E3 + c f 3/2E4, B (E1, E2) = 0 and B (E2, E2) = 3 f E3 − c f 3/2E4,
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it follows that {B (E1, E1) (p), B (E2, E2) (p)} is a basis in NpM2, for any p ∈ M2. There-
fore, the first normal bundle N1 defined by

N1 = span Im(B) = span {B (E1, E1) , B (E2, E2)} = span {E3, E4}
has the rank equal to 2. ��

Further, we will effectively establish the existence of PNMC biconservative immersions
in S4. As we have seen in Theorem 4, to prove the existence of a such immersion is equivalent
to prove the existence of an abstract surface

(
M2, g

)
such that the level curves of K are circles

with a certain curvature κ . For this purpose, the idea is to work with the curvature κ , not with
K itself. We will show that κ satisfies a third-order ODE (see (3.30)) and it determines the
abstract surface. First, we give

Theorem 5 Let
(
M2, g

)
be an abstract surface such that 1−K > 0, grad K 	= 0 everywhere

and the level curves of K are circles of M2 with positive constant signed curvature

κ = − |grad K |
4

(
K − 1 + f 2K

) ,

where fK is the positive solution of (3.19) for some non-zero real constant c. Then, around
any point of M2 there exists a positively oriented local chart XK = XK (u, s) such that

(
K ◦ XK

)
(u, s) = K (u, s) = K (u),

(
κ ◦ XK

)
(u, s) = κ(u, s) = κ(u)

and

K (u) = −κ2(u) − κ ′(u). (3.23)

Moreover, the metric g has the form

g(u, s) = du2 + θ2(u)ds2,

where

θ(u) = e
∫ u
u0

κ(τ) dτ
,

and its Gaussian curvature is

K (u) = −θ ′′(u)

θ(u)
.

Proof First, recall that

Ẽ1 = grad K

|grad K | and Ẽ2 ∈ C
(
T M2)

are two vector fields on M2 such that
{
Ẽ1, Ẽ2

}
is a positively oriented global orthonormal

frame field.
For the first part of the theorem, let p0 ∈ M2 be an arbitrarily fixed point of M2 and

γ = γ (u) be an integral curve of Ẽ1 = grad K/| grad K | with γ (0) = p0. Let {φv}v∈R be
the flow of Ẽ2. We define the following positively oriented local chart

XK (u, v) = φv(γ (u)) = φγ (u)(v)
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and we have

XK (u, 0) = γ (u),

XK
u (u, 0) = γ ′(u) = Ẽ1(γ (u)) = Ẽ1(u, 0),

XK
v (u, v) = φ′

γ (u)(v) = Ẽ2
(
φγ (u)(v)

) = Ẽ2(u, v).

Clearly, Ẽ1K =| grad K | and Ẽ2K = 0. For any u, the curve v → φγ (u)(v) is a level curve
of K and so

(
K ◦ XK

)
(u, v) = K (u, v) = K (u),

(
κ ◦ XK

)
(u, v) = κ(u, v) = κ(u).

Using (3.22), we get

κ = −〈∇Ẽ2
Ẽ2, Ẽ1〉

and thus

κ ′ = Ẽ1κ = −Ẽ1〈∇Ẽ2
Ẽ2, Ẽ1〉

= −〈∇Ẽ1
∇Ẽ2

Ẽ2, Ẽ1〉 = −〈R(Ẽ1, Ẽ2)Ẽ2, Ẽ1〉 − 〈∇[Ẽ1,Ẽ2] Ẽ2, Ẽ1〉
= −K − κ2.

For the second part of the theorem, let p0 ∈ M2 be an arbitrarily fixed point of M2. In
order to find a simpler expression of the metric g on M2, we look for new local coordinates
u and s, where s = v/θ(u), θ(u) > 0, such that XK

u and XK
s are orthogonal. The parameter

u remains the same, and we only change homothetically the parameter v of the level curves
of K . Clearly, in the new coordinates, K (u, s) = K (u) and κ(u, s) = κ(u).

So, we consider

XK (u, s) = φθ(u)s(γ (u)) = φγ (u)(θ(u)s).

It is easy to see that XK (u, 0) = γ (u) and

XK
u (u, 0) = Ẽ1(u, 0), XK

s (u, s) = θ(u)Ẽ2(u, s).

Therefore, for any (u, s) we have

g11(u, 0) = 1, g12(u, 0) = 0, g22(u, s) = θ2(u).

By some direct computations, we deduce

Ẽ1(u, s) = 1

σ(u, s)

(
XK
u (u, s) − g12(u, s)

θ2(u)
XK
s (u, s)

)
,

where

σ(u, s) =
√

g11(u, s) − g212(u, s)

θ2(u)

and σ(u, 0) = 1. So, Ẽ1K = K ′(u)/σ (u, s).
Further, using the hypothesis that the level curves of K , which are the integral curves of

Ẽ2, are circles with constant signed curvature, we get

κ = κ(u, s) = κ(u) = − K ′(u)

4σ(u, s)
(
K (u) − 1 + f 2K (u)

) .
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Therefore,

σ = σ(u, s) = σ(u) = σ(u, 0) = 1,

which implies

Ẽ1(u, s) = XK
u (u, s) − g12(u, s)

θ2(u)
XK
s (u, s)

and

g11(u, s) − g212(u, s)

θ2(u)
= 1. (3.24)

Using (3.22), we have ∇Ẽ2
Ẽ2 = κ

(
−Ẽ1

)
, so κ = −〈∇Ẽ2

Ẽ2, Ẽ1〉. Next, as Ẽ1 = XK
u −

g12XK
s /θ2, Ẽ2 = XK

s /θ and

∇XK
s
X K
s = �1

22X
K
u + �2

22X
K
s ,

after some computations, we reach

κ(u) = −�1
22(u, s)

θ2(u)
.

Further, from the expression of the Christoffel symbol in terms of the metric coefficients, we
obtain

�1
22(u, s) = ∂g12

∂s
(u, s) − θ(u)θ ′(u),

and thus

κ(u) = − 1

θ2(u)

(
∂g12
∂s

(u, s) − θ(u)θ ′(u)

)
.

Taking into account that g12(u, 0) = 0, from the above relation it follows that

g12(u, s) = (−θ2(u)κ(u) + θ(u)θ ′(u)
)
s. (3.25)

Now, if we impose that g12(u, s) = 0, from (3.24) we have g11(u, s) = 1, and from (3.25)
we get

θ ′(u)

θ(u)
= κ(u). (3.26)

Integrating the above relation, it follows that

θ(u) = e
∫ u
u0

κ(τ) dτ
.

Finally, we obtain that

g(u, s) = du2 + θ2(u)ds2.

From (3.23) and (3.26) or, alternatively, from (2.1) and computing all the Christoffel symbols,
we can see that

K (u) = −θ ′′(u)

θ(u)
.

��
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Remark 4 Around an arbitrary point p0 ∈ M2, we have

XK (u, v) = X f (−u,−v),

where XK = XK (u, v) was defined in the first part of the proof of Theorem 5.

Theorem 6 Let
(
M2, g

)
be an abstract surface such that 1−K > 0, grad K 	= 0 everywhere

and the level curves of K are circles of M2 with positive constant signed curvature

κ = − |grad K |
4

(
K − 1 + f 2K

) , (3.27)

where fK is the positive solution of (3.19) for some non-zero real constant c. Then, we have

f 2K = κ ′′ + 6κκ ′ + 4κ + 4κ3

4κ
, (3.28)

c2 = −2
√

κ
(
3κ ′′ + 14κκ ′ + 8κ + 8κ3

)

(
κ ′′ + 6κκ ′ + 4κ + 4κ3

)3/2 (3.29)

and the signed curvature κ satisfies the following ODE

3κκ ′′′ + 26κ2κ ′′ − 3κ ′κ ′′ + 72κ3κ ′ + 32κ3 + 32κ5 = 0. (3.30)

Proof Let XK = XK (u, s) be the positively oriented local chart defined in Theorem 5. It is
easy to see that from (3.27) we get

f 2K = −K ′ − 4(K − 1)κ

4κ
, (3.31)

and, from (3.23) we have

K ′ = −2κκ ′ − κ ′′. (3.32)

Now, by combining (3.31) and (3.32), we obtain (3.28).
Further, since fK is the positive solution of (3.19), we get

c2 = 1 − 3 f 2K − K

f 3K
. (3.33)

On the one hand, using the expressions of fK from (3.28) and of K from (3.23), we can infer
that (3.33) is equivalent to (3.29).

On the other hand, taking the derivatives of (3.33) and of (3.28), one gets

3 fK f ′
K

(
1 − K − f 2K

) + K ′ f 2K = 0 (3.34)

and

fK f ′
K = κκ ′′′ − κ ′κ ′′ + 6κ2κ ′′ + 8κ3κ ′

8κ2 , (3.35)

respectively.
Finally, using (3.23), (3.28), (3.32), and (3.35) in (3.34), we obtain (3.30). ��

Remark 5 We note that, since XK (u, s) = X f (−u,−s), if we change u by −u, then from
(3.30) we recover (3.15). If κ = κ(u) is a solution of (3.30), then the set of points where
κ ′(u) 	= 0 is open and dense in the domain of κ . Moreover, as we have seen in the proof of
Theorem 5, the function θ from the expression of the metric g is determined up to a positive
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multiplicative constant. By an appropriate change of coordinates, taking into account that the
solutions of (3.30) are invariant under translations of the argument, we can always assume
that the constant is one. Thus, we can assume

θ(u) = e
∫ u
0 κ(τ) dτ .

Now, we are ready to obtain in a constructive way the existence result for PNMC biconser-
vative immersions in S4. This is a kind of a converse of Theorem 6. Starting with a solution
of (3.30), we will define locally a metric that satisfies all the required properties in order
to ensure the existence of a PNMC biconservative immersion in S

4. To get the solution of
(3.30) we must consider certain appropriate initial conditions.

Theorem 7 Consider the third order ODE (3.30) and the initial conditions
⎧
⎨

⎩

κ(0) = κ0
κ ′(0) = κ ′

0
κ ′′(0) = κ ′′

0

(3.36)

such that they satisfy
⎧
⎨

⎩

κ0 > 0
κ ′
0 > −1 − κ2

0
−4κ0 − 6κ0κ ′

0 − 4κ3
0 < κ ′′

0 < 1
3

(−8κ0 − 14κ0κ ′
0 − 8κ3

0

)
.

(3.37)

Let κ = κ(u) be the solution of (3.30) and (3.36) and assume that
⎧
⎨

⎩

κ(u) > 0
κ ′(u) > −1 − κ2(u)

−4κ(u) − 6κ(u)κ ′(u) − 4κ3(u) < κ ′′(u) < 1
3

(−8κ(u) − 14κ(u)κ ′(u) − 8κ3(u)
)
,

(3.38)

for any u. Define

θ(u) = e
∫ u
0 κ(τ) dτ (3.39)

and

g(u, s) = du2 + θ2(u)ds2. (3.40)

Then, the metric g satisfies

(i) K (u) = −κ2(u) − κ ′(u);
(ii) 1 − K > 0;
(iii) grad K 	= 0 everywhere;
(iv)

c2 = −2
√

κ
(
3κ ′′ + 14κκ ′ + 8κ + 8κ3

)

(
κ ′′ + 6κκ ′ + 4κ + 4κ3

)3/2

is a positive constant;
(v)

f 2K = κ ′′ + 6κκ ′ + 4κ + 4κ3

4κ

is positive and satisfies

K = 1 − 3 f 2K − c2 f 3K , (3.41)

where c2 is given at (iv);
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(vi) The Levi-Civita connection of M2 is given by

∇Ẽ1
Ẽ1 = ∇Ẽ1

Ẽ2 = 0, ∇Ẽ2
Ẽ1 = κ Ẽ2, ∇Ẽ2

Ẽ2 = −κ Ẽ1,

where

Ẽ1 = grad K

|grad K | and Ẽ2 ∈ C
(
T M2)

form a positively oriented global orthonormal frame field on M2.

Proof In order to prove (i)–(i i i), we first use the expression (3.40) of the metric g = g(u, s)
and, by standard computation, we deduce that

K (u) = −θ ′′(u)

θ(u)
.

Then, using (3.39), we get

K (u) = −κ2(u) − κ ′(u). (3.42)

Now, since 1 − K = 1 + κ2 + κ ′, from the second inequality of (3.38), it is clear that
1 − K > 0.

To prove that grad K 	= 0 at any point, we note that

grad K = K ′XK
u .

Next, we can see that K ′ is positive. Indeed, if we take the derivative of (3.42), we obtain
that K ′ > 0 if and only if

κ ′′ < −2κκ ′. (3.43)

But, from the last inequality of (3.38), we know that

κ ′′ <
1

3

(−8κ − 14κκ ′ − 8κ3) ,

thus, in order to prove (3.43), it is enough to show that

1

3

(−8κ − 14κκ ′ − 8κ3) < −2κκ ′.

Furthermore, the last inequality is equivalent to

κ ′ > −1 − κ2,

which is true, according to the second inequality of (3.38). Therefore K ′ > 0.
In order to prove (iv) and (v), we set

c2 = −2
√

κ
(
3κ ′′ + 14κκ ′ + 8κ + 8κ3

)

(
κ ′′ + 6κκ ′ + 4κ + 4κ3

)3/2

and

f 2K = κ ′′ + 6κκ ′ + 4κ + 4κ3

4κ
.

From the first and the last inequalities of (3.38), we see that the above two quantities are
positive.
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Since K satisfies (3.42), by some straightforward computations, we can rewrite c2 as

c2 = 1 − 3 f 2K − K

f 3K
(3.44)

and thus (3.41) holds.
We still have to show that the quantity from the right hand side of (3.44) is constant, i.e.,

its derivative vanishes. Indeed, we first note that
(
1 − 3 f 2K − K

f 3K

)′
= 0

if and only if

3 fK f ′
K

(
1 − K − f 2K

) + K ′ f 2K = 0. (3.45)

Since κ 	= 0, using the definition of f 2K and relation (3.42), we have that (3.45) is equivalent
to

(
2κκ ′ + κ ′′) (

3κκ ′′′ + 26κ2κ ′′ − 3κ ′κ ′′ + 72κ3κ ′ + 32κ3 + 32κ5
)

= 0. (3.46)

Furthermore, from (3.43), equation (3.46) is equivalent to the vanishing of its second paren-
thesis. Finally, we note that

3κκ ′′′ + 26κ2κ ′′ − 3κ ′κ ′′ + 72κ3κ ′ + 32κ3 + 32κ5 = 0

is precisely equation (3.30) that κ satisfies.
Therefore, the quantity denoted by c2 is a positive constant.
Further, to prove the last item, we consider the global vector field Ẽ1 = grad K/ |grad K |.

Since g(u, s) = du2 + θ2(u)ds2 and grad K = K ′(u)XK
u , it follows that

Ẽ1 = XK
u .

Let

Ẽ2 = 1

θ(u)
XK
s ∈ C

(
T M2) .

Clearly,
{
Ẽ1, Ẽ2

}
form a positively oriented global orthonormal frame field on M2.

Using the definition of θ , it is easy to see that

κ(u) = θ ′(u)

θ(u)

and, expressing the Christoffel symbols in terms of the metric g, by standard computations
we reach the Levi-Civita connection on M2

∇Ẽ1
Ẽ1 = ∇Ẽ1

Ẽ2 = 0, ∇Ẽ2
Ẽ1 = κ Ẽ2, ∇Ẽ2

Ẽ2 = −κ Ẽ1.

��
Remark 6 It is not difficult to find examples of triplets

(
κ0, κ

′
0, κ

′′
0

)
that satisfy (3.37).

In the following, from a local point of view (in our context of PNMC biconservative
surfaces in S

4), we will show that all non-isometric abstract surfaces
(
M2, g

)
that admit a

PNMC biconservative immersion in S4 are determined by the solutions κ = κ(u) of (3.30).
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Indeed, let
(
M2

1 , g1
)
and

(
M2

2 , g2
)
be two abstract surfaces given by

g1 (u1, s1) = du21 + θ21 (u1) ds
2
1 , θ1(0) = 1,

where κ1 = κ1 (u1) is a solution of (3.30) and

g2 (u2, s2) = du22 + θ22 (u2) ds
2
2 , θ2(0) = 1,

where κ2 = κ2 (u2) is also solution of (3.30). We can give the next result.

Proposition 3 If there exists an isometry � : (
M2

1 , g1
) → (

M2
2 , g2

)
, then

(i) � (u1, s1) = (u1 + α, βs1 + γ ), where α and γ are some real constants and β =
θ1(−α) = 1/θ2(α);

(ii) θ2 (u1 + α) = θ1 (u1) /β;
(iii) κ2 (u1 + α) = κ1 (u1).

Proof Let us consider

� (u1, s1) = (
�1 (u1, s1) ,�2 (u1, s1)

)

an isometry between
(
M2

1 , g1
)
and

(
M2

2 , g2
)
, i.e., �∗g2 = g1. So, the following relations

hold
(

∂�1

∂u1

)2

(u1, s1) +
(

∂�2

∂u1

)2

(u1, s1) θ22
(
�1 (u1, s1)

) = 1, (3.47)

∂�1

∂u1
(u1, s1)

∂�1

∂s1
(u1, s1)+ ∂�2

∂u1
(u1, s1)

∂�2

∂s1
(u1, s1) θ22

(
�1 (u1, s1)

)=0

(3.48)

and
(

∂�1

∂s1

)2

(u1, s1) +
(

∂�2

∂s1

)2

(u1, s1) θ22
(
�1 (u1, s1)

) = θ21 (u1) . (3.49)

Moreover, we also know that

K2
(
�1 (u1, s1)

) = K1 (u1) . (3.50)

If we take the derivative of (3.50) with respect to s1, since K ′
2 	= 0, we easily obtain that

�1 = �1 (u1). Further, knowing that the function �1 depends only on u1, from (3.48), we
get

∂�2

∂u1
(u1, s1)

∂�2

∂s1
(u1, s1) = 0, (3.51)

and, from (3.49), we have

(
∂�2

∂s1

)2

(u1, s1) θ22
(
�1 (u1)

) = θ21 (u1) . (3.52)

Now, as θ1 > 0, from (3.51) and (3.52), one obtains that �2 = �2 (s1), and then, from
(3.47), we have

�1 (u1) = ±u1 + α, α ∈ R.
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Furthermore, taking the derivative of (3.50) with respect to u1, as K ′
1 and K ′

2 are positive, it

follows that
(
�1

)′
> 0, so

�1 (u1) = u1 + α, α ∈ R.

From (3.49), we obtain

((
�2)′

(s1)
)2 = θ21 (u1)

θ22

(
�1 (u1)

) .

By taking the derivative of the above expression with respect to s1, we get that
(
�2

)′
is

constant and so

�2 (s1) = βs1 + γ, γ ∈ R,

where β is a positive constant given by

β = θ1 (u1)

θ2 (u1 + α)
. (3.53)

In particular, using the assumptions that θ1(0) = θ2(0) = 1, we get

β = θ1(−α) = 1

θ2(α)
.

Thus, (i) and (i i) are proved.
Finally, from (3.26) and (3.53),
we can conclude that

κ2 (u1 + α) = κ1 (u1) .

��
Conversely, by a standard argument, we have

Proposition 4 Let
(
u0; κ0, κ

′
0, κ

′′
0

)
and

(
v0; κ0, κ

′
0, κ

′′
0

)
be two sets of initial conditions for

(3.30) such that (3.36) holds. Denote by κ1 = κ1 (u1) and κ2 = κ2 (u2) the corresponding
solutions. Let g1 = g1 (u1, s1) and g2 = g2 (u2, s2) be the associated metrics, respectively.
Then,

� (u1, s1) = (u1 − (u0 − v0) , s1)

is an isometry, that is �∗g2 = g1.

From the above two results we can conclude that

Corollary 1 From a local point of view, we have a 3-parameter family of non-isometric
abstract surfaces

(
M2, g

)
that admit a PNMC biconservative immersion in S4, indexed by

κ0, κ ′
0 and κ ′′

0 that obey the initial conditions (3.37).

From a global point of view (again, in our context of PNMC biconservative surfaces
in S

4), we can perform a new change of coordinates such that we can see that the abstract
surfaces

(
M2, g

)
that admit a PNMC biconservative immersion in S4 form a family indexed

by 2 parameters.
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Proposition 5 Let ϕ : (
M2, g

) → S
4 be a PNMC biconservative immersion. Then, around

any point of M2 there exists a positively oriented local chart X f = X f (u, t) such that

E1 = X f
u , E2 = f 3/4(u)X f

t

and

g(u, t) = du2 + 1

f 3/2(u)
dt2,

where f is the mean curvature function. Moreover, if we change the coordinates in an
appropriate way, which allows a global point of view, the metric g can be written as

g ( f , t) = 1

2C2 f 7/2 − 16
9 c

2 f 5 − 16 f 4 − 16
9 f 2

d f 2 + 1

f 3/2
dt2, (3.54)

where C and c are arbitrary non-zero real constants.

Proof Let {E1, E2} be the positively oriented global vector field given in Theorem 2 and let
h be a smooth positive function on M2, such that E2h = 0. From Theorem 2 we have that
[E1, hE2] = 0 if and only if

h = A
1

f 3/4
,

where A is an arbitrary positive real constant.
Therefore, there exists a positively oriented local chart X f = X f (ũ, t) such that

E1 = X f
ũ and E2 = 1

h
X f
t .

It is not difficult to check that up to a translation, we have ũ = u, where u is the local
coordinate from the chart X f = X f (u, v) in Theorem 2. Thus,

g(u, t) = du2 + A2 1

f 3/2(u)
dt2.

By an appropriate change of the coordinate t , we may assume that the constant A is equal to
1, and so, keeping the same notation for the second coordinate, we can rewrite the metric g
as

g(u, t) = du2 + 1

f 3/2(u)
dt2.

Next, if we perform a new change of coordinates (u, t) → ( f = f (u), t), taking into account
that f satisfies (3.6), we infer that the metric g takes the form (3.54). ��

In the end of this section we note that the tangent part of the biharmonic equation has
proved to be not so restrictive. But, if we want to work with both parts of the biharmonic
equation, the situation is very rigid. Indeed, we have

Proposition 6 A PNMC biconservative surface in S4 cannot be biharmonic.

Proof Assume that there exists a biharmonic surface M2 in S4 which is also PNMC . From
the first equation of (2.4), by some straightforward computations, we get

(
� f + 10 f 3 − 2 f

)
E3 − 4c f 7/2E4 = 0.

Since c is a non-zero real constant, it follows that f = 0 and this is a contradiction. ��
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4 An extrinsic approach

Let ϕ : (
M2, g

) → S
4 be a PNMC biconservative immersion. Consider i : S4 → E

5 be
the canonical inclusion and denote

� = i ◦ ϕ : M2 → E
5.

Recall that NM2 represents the normal bundle of ϕ and, in order to avoid any confusion, we
denote by N�M2 the normal bundle of the immersion �. Clearly, the two normal bundles
are related by

N�M2 = i∗
(
NM2) ⊕ span {�}

and we have

B�(X , Y ) = i∗(B(X , Y )) − g(X , Y )�, X , Y ∈ C
(
T M2) ,

where B� denotes the second fundamental form of �.
For any ξ ∈ C

(
NM2

)
, we have A�

i∗(ξ) = Aξ and A�
� = −I d . Recall that {E1, E2} is a

positively oriented global orthonormal frame field in the tangent bundle T M2 and {E3, E4}
is a positively oriented global orthonormal frame field in the normal bundle NM2; thus,
{E3, E4,�} is a positively oriented orthonormal frame field in the normal bundle N�M2,
where

E1 = grad f

|grad f | and E3 = H

f
.

We recall that we denoted by ∇̃ and ∇̂ the Levi-Civita connections of S4 andE5, respectively.
Clearly,

∇̂X̃ Ỹ = ∇̃X̃ Ỹ − 〈X̃ , Ỹ 〉�, X̃ , Ỹ ∈ C
(
TS4

)
.

As usual, when we work with isometric immersions, we will identify M2 with its image,
X ∈ C

(
T M2

)
with ϕ∗(X) or with �∗(X), and the Riemannian metrics on M2, S4, E5 will

be simply denoted by 〈, 〉.
Our aim is to find extrinsic properties of M2 and, finally, to infer a parametrization of M2.
Now, using Theorem 2, by standard computations, we obtain

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∇̂E1E1 = ∇̃E1E1 − � = − f E3 + c f 3/2E4 − �

∇̂E2E1 = ∇̃E2E1 = − 3
4
E1 f
f E2

∇̂E1E2 = ∇̃E1E2 = 0
∇̂E2E2 = ∇̃E2E2 − � = 3

4
E1 f
f E1 + 3 f E3 − c f 3/2E4 − �

∇̂E1E3 = ∇̃E1E3 = f E1

∇̂E2E3 = ∇̃E2E3 = −3 f E2

∇̂E1E4 = ∇̃E1E4 = −c f 3/2E1

∇̂E2E4 = ∇̃E2E4 = c f 3/2E2

∇̂E1� = E1

∇̂E2� = E2

. (4.1)

First, we will study the geometric properties of the integral curves of E1, viewed as curves
in S

4. We denote such a curve by γ̃ = γ̃ (u). When we consider this curve as a curve lying
in E

5, we set γ̂ = i ◦ γ̃ .
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For a homogeneous notation of the vector fields that form the Frenet frame field associated
to γ̃ , we denote by Ṽ1 the restriction of E1 along γ . By straightforward computations we
have

∇̃Ṽ1
Ṽ1 = κ̃1Ṽ2,

where we define

κ̃1 =
∣
∣
∣∇̃Ṽ1

Ṽ1
∣
∣
∣ = f

√
1 + c2 f

and

Ṽ2 = 1

κ̃1
∇̃Ṽ1

Ṽ1 = 1
√
1 + c2 f

(
−E3 + c

√
f E4

)
.

Further,

∇̃Ṽ1
Ṽ2 = −κ̃1Ṽ1 + κ̃2Ṽ3,

where

κ̃2 =
∣∣∣∇̃Ṽ1

Ṽ2 + κ̃1Ṽ1
∣∣∣ = |c| f ′

2
√

f
(
1 + c2 f

)

and

Ṽ3 = 1

κ̃2

(
∇̃Ṽ1

Ṽ2 + κ̃1Ṽ1
)

= |c|√ f
√
1 + c2 f

E3 + 1
√
1 + c2 f

E4.

Moreover, using (3.6), we obtain

κ̃2 = |c|
2
√

f
(
1 + c2 f

)

√

2C2 f 7/2 − 16

9
f 2 − 16 f 4 − 16

9
c2 f 5.

Finally,

∇̃Ṽ1
Ṽ3 = −κ̃2Ṽ2 = −κ̃2Ṽ2 + κ̃3Ṽ4,

where κ̃3 = 0 and Ṽ4 is the unit vector field along γ such that
{
Ṽ1, Ṽ2, Ṽ3, Ṽ4

}
is a positively

oriented orthonormal frame field along γ .
As κ̃3 = 0, it follows that γ̃ lies in a totally geodesic hypersphere S3 of S4, S3 = S

4 ∩ �,
where � is an hyperplane of E5 which contains the origin. More precisely, since

∇̂Ṽ1
E2 = 0,

i.e., E2 is constant along γ̂ , and since E2 is orthogonal to γ̂ along γ , it follows that E2 is
normal to the hyperplane �.

In conclusion, we have

Proposition 7 Let ϕ : (
M2, g

) → S
4 be a PNMC biconservative immersion and consider

γ̃ = γ̃ (u) an integral curve of E1, viewed as a curve in S4. Then, the following hold:

(i) E2 is constant along γ̂ , where γ̂ = i ◦ γ̃ ;
(ii) γ̃ lies in a totally geodesic hypersphere S3 = S

4∩�, where the hyperplane� contains
the origin and is orthogonal to E2;
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(iii) The curvature and the torsion of γ̃ are

k(u) = f (u)

√
1 + c2 f (u) (4.2)

and

τ(u) =
|c|

√
2C2 f 7/2(u) − 16

9 f 2(u) − 16 f 4(u) − 16
9 c

2 f 5(u)

2
√

f (u)
(
1 + c2 f (u)

) , (4.3)

where f is the mean curvature function of the immersion ϕ.

Second, we will study the geometric properties of the integral curves of E2, viewed as
curves in E

5.
Using the expression of ∇̂E2E2 from (4.1) and (3.6), it is easy to see that

∣
∣
∣∇̂E2E2

∣
∣
∣
2 = 9C2

8
f 3/2.

Denote by

κ̂ =
∣∣∣∇̂E2E2

∣∣∣ = 3|C |
2
√
2
f 3/4 (4.4)

and by

ξ = 1

κ̂
∇̂E2E2. (4.5)

Clearly, E2κ̂ = 0 and, using again (3.6) and (4.1), by some straightforward computations,
we get

∇̂E2ξ = −κ̂E2,
E1κ̂

κ̂
= 3

4

E1 f

f
, ∇̂E1ξ = 0.

In conclusion, we have

Proposition 8 Let ϕ : (
M2, g

) → S
4 be a PNMC biconservative immersion and consider

κ̂ and ξ given in (4.4) and (4.5). Then, the following hold:

(i) The integral curves of E2 are circles in E5 with constant curvature κ̂ , i.e., E2κ̂ = 0 and

∇̂E2E2 = κ̂ξ, ∇̂E2ξ = −κ̂E2;
(ii)

E1κ̂

κ̂
= 3

4

E1 f

f
;

(iii)

∇̂E1ξ = 0.

Now, we are ready to find the local parametrization of M2 in E
5. This parametrization will

rely on a solution f of a second order ODE and on a certain curve in S3, uniquely determined
by f and the condition that its position vector has to make a specific angle with a constant
direction.
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For the beginning, let us consider an integral curve ν of E2 parametrized by arc-length.
As previously, when we will view this curve in E5 it will be denoted by ν̂. From Proposition
8, we know that ν̂ is a circle in E

5 with curvature κ̂ , thus it can be parametrized by

ν̂(v) = C0 + cos
(
κ̂v

)
C1 + sin

(
κ̂v

)
C2, (4.6)

where C0, C1, C2 ∈ E
5 with |C1| = |C2| = 1/κ̂ and 〈C1,C2〉 = 0.

Then, let p0 ∈ M2 be an arbitrarily fixed point of M2 and γ̂ = γ̂ (u) be an integral curve
of E1 with γ̂ (0) = p0. Consider {φv}v∈R the flow of E2 near the point p0. Then, for any
u ∈ (−ε, ε) and for any v ∈ R, the parametrization � = �(u, v) of M2 is given by

�(u, v) = φγ̂ (u)(v) = C0(u) + cos
(
κ̂(u)v

)
C1(u) + sin

(
κ̂(u)v

)
C2(u),

where the vectorial functions C0(u), C1(u), C2(u), which are uniquely determined by the
surface, satisfy

γ̂ (u) = C0(u) + C1(u), |C1(u)| = |C2(u)| = 1

κ̂(u)
, 〈C1(u),C2(u)〉 = 0. (4.7)

In order to get a simpler expression of � we consider the following change of coordinates
(u, v) → (

u, t = κ̂(u)v
)
. With respect to these new local coordinates, the parametrization

� can be expressed as

�(u, t) = C0(u) + 1

κ̂(u)
(cos(t)c1(u) + sin(t)c2(u)) ,

where we define

ci (u) = κ̂(u)Ci (u), i = 1, 2. (4.8)

Using the above relation for i = 1 and (4.7), it is clear that

C0(u) = γ̂ (u) − 1

κ̂(u)
c1(u).

So,

�(u, t) = γ̂ (u) + 1

κ̂(u)
((cos(t) − 1) c1(u) + sin(t)c2(u)) . (4.9)

Further, as ν̂ is an integral curve of E2, from (4.6), (4.8), it follows that c2(u) = E2(u, 0)
and c1(u) = −ξ(u, 0), where E2(u, 0) = E2 (ν(0)) and ξ is given in (4.5) with

ξ(u, 0) = 1

κ̂(u)
∇̂E2(u,0)E2.

Moreover, we will prove that, c1(u) and c2(u) are, in fact, constant vectors. Indeed, taking
into account the third item from Proposition 8, we get ∇̂γ̂ ′c1 = 0, so c1 is a constant vector

in E
5, and since ∇̂E1E2 = 0, it follows that ∇̂γ̂ ′c2 = 0, so c2 is a constant vector in E

5.
Therefore, (4.9) turns into

�(u, t) = γ̂ (u) + 1

κ̂(u)
((cos(t) − 1) c1 + sin(t)c2) , (4.10)

where c1 and c2 are two constant orthonormal vectors in E
5 and γ̂ is an integral curve

of E1 with the properties given in Proposition 7. In particular, γ̂ lies in a totally geodesic
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hypersphere S3 = S
4 ∩ �, where the hyperplane � contains the origin and is orthogonal to

c2.
Finally, from |�(u, t)| = 1, we get

〈γ̂ (u), c1〉 = 1

κ̂(u)
.

Remark 7 We note that, up to a multiplicative constant, the parameter t in formula (4.10)
coincides with the parameter t in Proposition 5.

In conclusion we can state

Theorem 8 Let ϕ : (
M2, g

) → S
4 be a PNMC biconservative immersion and denote

� = i ◦ ϕ : M2 → E
5, where i : S4 → E

5 is the canonical inclusion. We identify M2 with
its image, and then, M2 can be locally parametrized by

�(u, t) = γ̂ (u) + 1

κ̂(u)
((cos(t) − 1) c1 + sin(t)c2) ,

where:

(i)

κ̂(u) = 3|C |
2
√
2
f 3/4(u),

where f = f (u) is a positive solution of the second order ODE (3.5), with f ′ > 0, and
whose first integral is (3.6). The non-zero constant C is given in (3.6);

(ii) c1 and c2 are constant orthonormal vectors in E5;
(iii) γ̂ = γ̂ (u) is a curve in E

5 such that γ̂ = i ◦ γ̃ , where γ̃ is a curve parametrized by
arc-length which lies in a totally geodesic hypersphere S3 = S

4 ∩ �; the hyperplane �

contains the origin and is orthogonal to c2. Moreover, the curvature and torsion of γ̃ , as
a curve in S

3, are given by (4.2) and (4.3), respectively, and the curve γ̂ must satisfy

〈γ̂ (u), c1〉 = 1

κ̂(u)
. (4.11)

Remark 8 Theorems 4, 7 and Proposition 5 prove the existence of the PNMC biconservative
surfaces in S4, and therefore, the existence of the curves γ̂ that satisfy the hypotheses of the
above theorem is ensured.

Remark 9 If we consider a surfaceM2 in S4 parametrized as in Theorem 8 then, by a straight-
forward computation, we can prove that it is a PNMC biconservative surface with f > 0,
grad f 	= 0 at any point and M2 is completely contained in S

4.

Now, we can ask whether all three conditions which determine the curve γ̃ , i.e., (4.2),
(4.3) and (4.11) are independent. The answer is negative and, more precisely, we have:

Proposition 9 Let γ̃ be a curve which satisfies (4.2) and (4.11). Then, its torsion is given by
(4.3).

Proof We can assume that c1 = e1 and c2 = e2, where {e1, e2, e3, e4, e5} is the canonical
basis of E5.

Let γ̂ = i ◦ γ̃ be a curve parametrized by arc-length. From (4.11), γ̂ can be written as

γ̂ = (
γ 1, 0, γ 2, γ 3, γ 4) ≡ (

γ 1, γ 2, γ 3, γ 4) ,
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where

γ 1 = 1

κ̂(u)
.

With the above notations, we write down the Frenet formulas
⎧
⎪⎨

⎪⎩

∇̃Ṽ1
Ṽ1 = kṼ2

∇̃Ṽ1
Ṽ2 = −kṼ1 + τ Ṽ3

∇̃Ṽ1
Ṽ3 = −τ Ṽ2

,

where

Ṽ1 = γ̃ ′, k =
∣∣
∣∇̃Ṽ1

Ṽ1
∣∣
∣ , τ =

∣∣
∣∇̃Ṽ1

Ṽ2 + kṼ1
∣∣
∣ .

Using the second fundamental form of S4 in E
5, or of S3 in E

4, we obtain
⎧
⎪⎨

⎪⎩

∇̃Ṽ1
Ṽ1 = γ̂ ′′ + γ̂

∇̃Ṽ1
Ṽ2 = V̂ ′

2

∇̃Ṽ1
Ṽ3 = V̂ ′

3

.

Therefore, we get

V̂2 = 1

k
∇̃Ṽ1

Ṽ1 = 1

k

(
γ̂ ′′ + γ̂

)
(4.12)

and
⎧
⎨

⎩

V̂ ′
1 = kV̂2 − γ̂

V̂ ′
2 = −kV̂1 + τ V̂3

V̂ ′
3 = −τ V̂2

.

Now, we can write each vector V̂i as

V̂i = (
V 1
i , 0, V 2

i , V 3
i , V 4

i

) ≡ (
V 1
i , V 2

i , V 3
i , V 4

i

)
, i = 1, 2, 3.

Looking at the first component of (4.12) and using (3.5), we obtain

V 1
2 = 1

k

((
γ 1)′′ + γ 1

)
= 2

√
2

(
3 + c2 f

)
f 1/4

3|C |√1 + c2 f
> 0.

Since at any point of γ̃ the vectors
{
V̂1, V̂2, V̂3, γ̂

}
form an orthonormal basis of the tangent

space to E
4, we have

(
V 1
1

)2 + (
V 1
2

)2 + (
V 1
3

)2 + (
γ 1)2 = 1.

Thus, by some straightforward computations, using (3.6), we get

(
V 1
3

)2 = 32c2 f 3/2

9C2
(
1 + c2 f

) .

Next, since
(
V 1
3

)′ = −τV 1
2 and τV 1

2 is positive, we get

V 1
3 = − 4

√
2|c| f 3/4

3|C |√1 + c2 f
and τ = |c| f ′

2
√

f
(
1 + c2 f

) .

Finally, from (3.6), it follows that the torsion of γ̃ is given by (4.3). ��
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5 The codimension reduction for PNMC biconservative surfaces

In the last section, we will study the non-CMC biconservative surfaces with parallel nor-
malized mean curvature vector field in Euclidean sphere Sn , n ≥ 5, and we will prove that
their substantial codimension is equal to 2.

Theorem 9 Let ϕ : (
M2, g

) → S
n, n ≥ 5, be a PNMC biconservative surface. Assume

that the rank of the first normal bundle is at least 2. Then, M2 lies in some 4-dimensional
totally geodesic submanifold S

4 of Sn.

Proof Using the same notations as in previous sections, we recall that the biconservativity
condition is equivalent to

A3 (E1) = − f E1.

From the expression of the mean curvature vector field

H = 1

2

(

(trace A3) E3 +
n∑

b=4

(trace Ab) Eb

)

= f E3,

we infer that trace A3 = 2 f and trace Ab = 0, for any b ∈ {4, 5, . . . , n}. Further, as
〈A3 (E2) , E1〉 = 0, it follows that A3 (E2) = 3 f E2.

Next, we will prove that R⊥(X , Y )ζ = 0, for any X , Y ∈ C
(
T M2

)
and ζ ∈ C

(
NM2

)
.

First, from the PNMC hypothesis, we have that ∇⊥E3 and so R⊥ (E1, E2) E3 = 0. Then,
using the Ricci equation, one gets B (E1, E2) = 0 and thus we obtain

〈Ab (E1) , E2〉 = 0, b ∈ {4, 5, . . . , n} .

Consequently, {E1, E2} diagonalizes all the Aα , α ∈ {3, 4, . . . , n}, simultaneously and there-
fore M2 has flat normal bundle.

Next, since M2 has flat normal bundle and ∇⊥E3 = 0, we can assume that Eα is parallel
in NM2, for any α ∈ {3, 4, . . . , n}. Then, we set

ζ1 := B (E1, E1) = − f E3 +
n∑

b=4

fbEb (5.1)

and

ζ2 := B (E2, E2) = 3 f E3 −
n∑

b=4

fbEb, (5.2)

where Ab (E1) = fbE1, for any b ∈ {4, 5, . . . , n}. Therefore, the first normal bundle of M2

in S
n is given by

N1 = span Im(B) = span {B (E1, E1) , B (E2, E2)} = span {ζ1, ζ2} .

From the hypothesis, we note that the rank of N1 has to be equal to 2 and all the fb cannot
vanish at any point.

In the following we will show that N1 is a parallel with respect to the normal connection.
In order to prove this, it is sufficient to show that ∇⊥

Ei
ζ j ∈ C (N1), for any i, j = 1, 2.

If we apply the Codazzi equation, we obtain

∇⊥
E2

ζ1 = −ω1
2 (E1) (ζ1 − ζ2) ∈ C (N1)
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and

∇⊥
E1

ζ2 = −ω1
2 (E2) (ζ1 − ζ2) ∈ C (N1)

Moreover, as ∇⊥Eα = 0 and E2 f = 0, we get

ω1
2 (E1) = 0, E2 fb = 0, E1 f = 4

3
ω1
2 (E2) f and E1 fb = 2ω1

2 (E2) fb.

Then, by direct computations, we infer

∇⊥
E2

ζ2 = 0 ∈ C (N1) and ∇⊥
E1

ζ1 = 1

3
ω1
2 (E2) (7ζ1 + ζ2) ∈ C (N1) .

Now, the codimension reduction result follows from [6].
��

Remark 10 We note that similar codimension reduction results for PNMC biconserva-
tive surfaces in a pseudo-Euclidean context and for PMC biconservative surfaces with
B (E1, E2) 	= 0 in complex space forms have been obtained in [25] and in [1], respectively.
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